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Introduction

Two paths to Holography:

From Top-Down: AdS5 & N “ 4 SYM

From Bottom-Up: JT & SYK
[M.Berkooz’s Talk]
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Standard Narain CFTs

SNarain “

ż

d2σ

"

GMNBaXMBaX
N ` BMNϵabBaXMBbXN

*

‚ Compact Bosons:
ˆ

XM
L

XM
R

˙

„

ˆ

XM
L

XM
R

˙

` EL ‚L P Z2D

‚E : Narain Vielbein

‚ Operators:
JM “ BXM

J̄M “ B̄XM

VppL,pRq “ : e ipL¨XL`ipR ¨XR :

OPE:
VppL,pRqpzqVpkL,kRqpwq „ pz ´ wqpL¨kLpz̄ ´ w̄qpR ¨kRVppL`kL,pR`kRqpwq ` ¨ ¨ ¨

Closure requires an infinite lattice of operators
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Standard Narain CFTs

Operators Ñ Lattice Ñ Partition Function Ñ Quadratic Forms

ΛNarain :“ tλ “ ppL, pRq “ Eℓ|ℓ “ pni ,wi q P Z2Du

Discrete Data:Λ

Λ :“
!

ℓ P Z2D | Qrℓs P 2Z
)

MN :“ OpD,D;Zq

J

OpD,D;Rq

OpDq ˆ OpDq

Continuous Data:MN

‚ has signature pD,Dq with norm:

λ2 “ λT

ˆ

1D 0
0 ´1D

˙

λ “ p2
L ´ p2

R “ 2niwi

‚Even: λ2 P 2Z
‚Self-Dual: Λ˚ “ Λ
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!

ℓ P Z2D | Qrℓs P 2Z
)

MN :“ OpD,D;Zq

J

OpD,D;Rq

OpDq ˆ OpDq

Continuous Data:MNZDpτ ;mq “
ϑDpτ ;mq

|ηpτq|2D

ϑDpτ ;mq “
ÿ

λPΛNarain

q
p2L
2 q̄

p2R
2

ηpτq “ q
1
24

8
ź

n“1

p1 ´ qnq

‚ q “ e2πiτ

‚ τ “ τ1 ` iτ2
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Standard Narain CFTs: Ensemble Averaging

Operators Ñ Lattice Ñ Partition Function Ñ Quadratic Forms

ΛNarain :“ tλ “ ppL, pRq “ Eℓ|ℓ “ pni ,wi q P Z2Du

Discrete Data:Λ

Λ :“
!

ℓ P Z2D | Qrℓs P 2Z
)

MN :“ OpD,D;Zq

J

OpD,D;Rq

OpDq ˆ OpDq

Continuous Data:MN

Geometries
3D

Sum of

Ensemble of
2D

CFTs
xZDpτ ;mqy “

ż

MN

ϑDpτ ;mq

|ηpτq|2D
rdms

xZDpτ ;mqy “
ED{2pτq

τ
D{2
2 |ηpτq|2D

ED{2pτq

τ
D{2
2 |ηpτq|2D

“
ÿ

Γ8zΓ

1
|ηpγ ¨ τq|2D

H
ol

og
ra

ph
ic

C
or

re
sp

on
de

nc
e

Siegel-Weil Theorem

Poincaré Sum

H “ ETE P hQ
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C
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H “ ETE P hQ

Espτq :“
ÿ

pc,dq“1

τ s2
|cτ ` d |2s

“
ÿ

Γ8zΓ

Impγ ¨ τqs

‚Espτq: Real-Analytic Eisenstein Series
‚Espγ ¨ τq “ Espτq @γ P Γ :“ PSL2pZq
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ñ Gravitational Interpretation?
[Witten,Maloney,’20]

[Afkhami-Jeddi+,’20]
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‚ 3D Abelian Chern-Simons:

ñ Gravitational Interpretation?
[Witten,Maloney,’20]

[Afkhami-Jeddi+,’20]

SCS “

ż

QIJ AIdAJd3x

ZThAdS3 “
1

|ηpτq|2D
On

Thermal
AdS3
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ż

MN

ϑDpτ ;mq

|ηpτq|2D
rdms

xZDpτ ;mqy “
ED{2pτq

τ
D{2
2 |ηpτq|2D

ED{2pτq

τ
D{2
2 |ηpτq|2D

“
ÿ

Γ8zΓ

1
|ηpγ ¨ τq|2D

H
ol

og
ra

ph
ic

C
or

re
sp

on
de

nc
e

Siegel-Weil Theorem

Poincaré Sum

H “ ETE P hQ

‚ 3D Abelian Chern-Simons:

ñ Gravitational Interpretation?
[Witten,Maloney,’20]

[Afkhami-Jeddi+,’20]

SCS “

ż

QIJ AIdAJd3x ZThAdS3 “
1

|ηpτq|2D
On

Thermal
AdS3

‚ Fill with
ThAdS3
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Ensemble Holography: Recap

[Witten,Maloney,’20]

[Afkhami-Jeddi+,’20]

Quantum Gravity
Number Theory

Holography

ÿ

AdS3
geometries

ZBulkrτ s “

ż

moduli
space

rdmsZCFTrm; τ s

CS Topological Invariants CFTs with general Q

How far can we push this correspondence?
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Generalized Narain CFTs

Operators Ñ Lattice Ñ Partition Function Ñ Quadratic Forms
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Generalized Narain CFTs

Operators Ð Lattice Ð Partition Function Ð Quadratic Forms
ΛG .N. :“ tλ “ ppL, pRq “ Eℓ|ℓ P Zp`qu

Discrete Data:Λ

Λ :“
␣

ℓ P Zp`q | Qrℓs P 2Z
(

MΛ :“ OΛpp, q;Zq

J

Opp, q;Rq

Oppq ˆ Opqq

Continuous Data:MΛ

‚ Signature pp, qq ñ σ “ p ´ q
‚ Even
‚ Not Self-Dual
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Generalized Narain CFTs

Operators Ð Lattice Ð Partition Function Ð Quadratic Forms
ΛG .N. :“ tλ “ ppL, pRq “ Eℓ|ℓ P Zp`qu

Discrete Data:Λ

Λ :“
␣

ℓ P Zp`q | Qrℓs P 2Z
(

MΛ :“ OΛpp, q;Zq

J

Opp, q;Rq

Oppq ˆ Opqq

Continuous Data:MΛ

Λ˚ :“ tx P Rp`q |Qrx , ℓs P Z u

DΛ :“ Λ˚{Λ

Zαpτ ;mq “
ϑαpτ ;mq

ηppτqη̄qpτ̄q

ϑαpτ ;mq “
ÿ

ℓPΛ

exp

„

πiτ1Qrℓ ` αs ´ πτ2Hrℓ ` αs

ȷ

hΛ :“ tH P GLpp ` q;Rq | HQ´1H “ Qu

‚T : ϑαpτ ` 1;mq “ e iπQrαsϑαpτ ;mq

‚S : ϑα

`

´τ´1;m
˘

“
e´πiσ

4
a

|DΛ|
τ

p
2 τ

q
2
ÿ

ωPDΛ

e´2πiQrα,ωsϑωpτ ;mq
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„

πiτ1Qrℓ ` αs ´ πτ2Hrℓ ` αs

ȷ

hΛ :“ tH P GLpp ` q;Rq | HQ´1H “ Qu

ϑαpg ¨ τ ;mq “
ÿ

βPDΛ

Uα,βpg , τqϑβpτ ;mq

Uα,βpg , τq :“ pcτ ` dq
p
2 pcτ ` dq

q
2λα,βpgq

λα,βpgq :“
e´πiσ

4
a

|DΛ|
c´

p`q
2

ÿ

ℓcPΛ{pcΛq

e
πi
c

paQrℓc`αs´2Qrℓc`α,βs`dQrβsq

‚g “

ˆ

a b
c d

˙

P Γ
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Generalized Narain CFTs: Ensemble Averaging

Operators Ð Lattice Ð Partition Function Ð Quadratic Forms
ΛG .N. :“ tλ “ ppL, pRq “ Eℓ|ℓ P Zp`qu

Discrete Data:Λ

Λ :“
␣

ℓ P Zp`q | Qrℓs P 2Z
(

MΛ :“ OΛpp, q;Zq

J

Opp, q;Rq

Oppq ˆ Opqq

Continuous Data:MΛxZαpτ ;mqy “

ż

M

ϑαpτ ;mq

ηppτqη̄qpτ̄q
rdms

xZαpτ ;mqy “
Eαpτq

ηppτqη̄qpτ̄q

ED{2pτq

τ
D{2
2 |ηpτq|2D

“
ÿ

Γ8zΓ

1
|ηpγ ¨ τq|2D

Siegel-Weil Theorem

Poincaré Sum
Λ˚ :“ tx P Rp`q |Qrx , ℓs P Z u

DΛ :“ Λ˚{Λ

Eαpτq :“ δαPΛ `
ÿ

pc,dq“1
cą0

γαpc , dq

pcτ ` dq
p
2 pc τ̄ ` dq

q
2

γαpc , dq :“ e iπσ{4|DΛ|´
1
2 c´

p`q
2

ÿ

ℓ1PΛ{cΛ

exp

ˆ

´ iπ
d

c
Qrℓ1 ` αs

˙
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Generalized Narain CFTs: Ensemble Averaging
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Eαpτq :“ δαPΛ `
ÿ

pc,dq“1
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pcτ ` dq
p
2 pc τ̄ ` dq

q
2

γαpc , dq :“ e iπσ{4|DΛ|´
1
2 c´

p`q
2

ÿ

ℓ1PΛ{cΛ

exp

ˆ

´ iπ
d

c
Qrℓ1 ` αs

˙

Can this be written as a Poincaré sum?
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3d Abelian Chern-Simons Theory: Basics

‚TQFT = finite collection of anyons A with data:

‚Fusion Rules: Commutative, Associative product ˆ : A ˆ A Ñ A
‚Topological Spin: Map θ : A Ñ Up1q

‚Rep. of Modular Group: Generated by S & T

‚Associator & Braiding Isomorphisms
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ω

Nαβ
ω ω
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SCS “

ż

QIJ AIdAJ d3x

‚Abelian TQFT = finite collection of Abelian anyons DΛ with data:

‚Fusion Rules ñ anyons form a finite Abelian group
‚Topological Spin: Map θ : DΛ Ñ Up1q

‚Rep. of Modular Group: Generated by S & T

‚Associator & Braiding Isomorphisms

DΛ “ Λ˚{Λ

ω

βα

α β

“

α ` β “ ω mod Λ
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SCS “

ż

QIJ AIdAJ d3x

‚Abelian TQFT = finite collection of Abelian anyons DΛ with data:

‚Fusion Rules ñ anyons form a finite Abelian group
‚Topological Spin: Map θ : DΛ Ñ Up1q

‚Rep. of Modular Group: Generated by S & T

‚Associator & Braiding Isomorphisms

DΛ “ Λ˚{Λ

βα

“ Bpα, βq

α β

θpαq :“ exppiπQrαsq

Tαβ “ δαβθpαqe´ iπσ
12 & Sαβ “

Bpα, βq
a

|DΛ|

Bpα, βq “
θpα ˆ βq

θpαqθpβq
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‚Abelian TQFT = finite collection of Abelian anyons DΛ with data:
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‚Topological Spin: Map θ : DΛ Ñ Up1q
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|DΛ|
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ÿ

α
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α

Sωα |αy
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3d Abelian Chern-Simons Theory: Basics

SCS “

ż

QIJ AIdAJ d3x

‚Abelian TQFT = finite collection of Abelian anyons DΛ with data:

‚Fusion Rules ñ anyons form a finite Abelian group
‚Topological Spin: Map θ : DΛ Ñ Up1q

‚Rep. of Modular Group: Generated by S & T

‚Associator & Braiding Isomorphisms

DΛ “ Λ˚{Λ

ω

θpαq :“ exppiπQrαsq

Tαβ “ δαβθpαqe´ iπσ
12 & Sαβ “

Bpα, βq
a

|DΛ|

|ωy Ñ
ÿ

α

Tωα |αy & |ωy Ñ
ÿ

α

Sωα |αy

|ωy Ñ
ÿ

α

Uωαpgq |αy ‚g P Γ

Modular Group Representation identical to that of ϑα & Eα
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Generalized Narain CFTs: Holography

Operators Ð Lattice Ð Partition Function Ð Quadratic Forms

[ADKLY,’20]

ΛG .N. :“ tλ “ ppL, pRq “ Eℓ|ℓ P Zp`qu

Discrete Data:Λ

Λ :“
␣

ℓ P Zp`q | Qrℓs P 2Z
(

MΛ :“ OΛpp, q;Zq

J

Opp, q;Rq

Oppq ˆ Opqq

Continuous Data:MΛxZαpτ ;mqy “

ż

M

ϑαpτ ;mq

ηppτqη̄qpτ̄q
rdms

xZαpτ ;mqy “
Eαpτq

ηppτqη̄qpτ̄q

ED{2pτq

τ
D{2
2 |ηpτq|2D

“
ÿ

Γ8zΓ

1
|ηpγ ¨ τq|2D

Siegel-Weil Theorem

Poincaré Sum
Λ˚ :“ tx P Rp`q |Qrx , ℓs P Z u

DΛ :“ Λ˚{Λ

Eαpτq :“ δαPΛ `
ÿ

pc,dq“1
cą0

γαpc , dq

pcτ ` dq
p
2 pc τ̄ ` dq

q
2

γαpc , dq :“ e iπσ{4|DΛ|´
1
2 c´

p`q
2

ÿ

ℓ1PΛ{cΛ

exp

ˆ

´ iπ
d

c
Qrℓ1 ` αs

˙

Can this be written as a Poincaré sum?
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M

ϑαpτ ;mq

ηppτqη̄qpτ̄q
rdms

xZαpτ ;mqy “
Eαpτq

ηppτqη̄qpτ̄q

Eαpτq

ηppτqη̄qpτ̄q
“

ÿ

Γ8zΓ

xα| Upgq´1 |0y

ηppg ¨ τq η̄qpg ¨ τ̄q

Siegel-Weil Theorem

Poincaré Sum
Λ˚ :“ tx P Rp`q |Qrx , ℓs P Z u

DΛ :“ Λ˚{Λ

‚Holographic Interpretation:

‚Bulk theory looks like Abelian CS Theory with level matrix Q

‚Partition functions arise from different anyons encircling
non-contractible cycle of Mpc,dq
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Ensemble Holography Recap

[Witten,Maloney,’20]

[Afkhami-Jeddi+,’20]

[ADKLY,’20]

Quantum Gravity
Number Theory

Holography

ÿ

AdS3
geometries

ZBulkrτ s “

ż

moduli
space

rdmsZCFTrm; τ s

CS Topological Invariants CFTs with general Q

What else is hiding in this correspondence?
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3d Abelian Chern-Simons Theory: Global Symmetries

SCS “

ż

QIJ AIdAJ d3x

DΛ “ Λ˚{Λ

‚ Symmetries of a TQFT are automorphisms of its data
ùñ permutations of the anyons DΛ that leave

TQFT data invariant modulo gauge transformations
(and maybe complex conjugation)

‚ TQFT data for Abelian TQFTs is completely determined
by finite Abelian group DΛ and topological spins

‚0-form Global Symmetries: Y˘ : DΛ Ñ DΛ

Unitary

Y`pα ˆ βq “ Y`pαq ˆ Y`pβq

θpY`pαqq “ θpαq

BpY`pαq,Y`pβqq “ Bpα, βq

Anti-Unitary

Y´pα ˆ βq “ Y´pαq ˆ Y´pβq

θpY´pαqq “ θpαq˚

BpY´pαq,Y´pβqq “ Bpα, βq˚

Classical
Y˘ ¨ SCS “ SCS

Quantum
Y˘ ¨ SCS ‰ SCS

but obey Ward Identities

[Delmastro, Gomis, ,’19]

G0 :“ AutpDΛ, θq » tY˘ P Znˆn|QPQ ˘ Y T
˘ QY˘ “ Qu{ „

‚ If P ‰ 0 @ representatives of rY˘s, then the symmetry is quantum

1 ¨ Q ¨ 1 “ Q
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Emergent Ensemble Symmetries: A Proof

‚For classical & quantum unitary symmetries, a proof in a few lines:

Eαpτq :“ δαPΛ `
ÿ

pc,dq“1
cą0

γαpc, dq

pcτ ` dq
p
2 pc τ̄ ` dq

q
2

γαpc , dq “ λα,0pg´1q “ e
´iπσΦpMq

12 ` iπσ
4 xα| Upgq´1 |0y

‚ A modular transformation on the Hilbert space can be decomposed as

U “ STmℓS . . .Tm1 [Jeffrey,’92]

‚ But the generators

Sαβ “
Bpα, βq
a

|DΛ|
& Tαβ “ δαβ θpαqe´ iπσ

12

are invariant under unitary symmetry transformations. Then

γY`αpc, dq “ γαpc , dq

EY`αpτq “ Eαpτq

These are Emergent Ensemble Symmetries
Why?
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Emergence of Ensemble Symmetries

‚Average Observable Opτ ;α,mq over m:

pOpτ ;αq :“ xOpτ ;α,mqy “

ż

M
Opτ ;α,mqrdms

‚If there exists a transformation g such that
‚Opτ ; g ¨ α, g ¨ mq “ Opτ ;α,mq

‚rdpg ¨ mqs “ rdms

‚M1 „ M

then
pOpg ¨ αq “ pOpαq

Basic notion of emergent ensemble symmetry

M

M1
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Emergence of Ensemble Symmetries

‚ϑDpτ ; g ¨ mq “ ϑDpτ ;mq

if g P OpD,D;Zq

‚ED{2pτq “
1
2

pxϑDpτ ;mqyM ` xϑDpτ ;mqyM1q
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Emergence of Ensemble Symmetries

‚ϑY`αpτ ;Y` ¨ mq “ ϑαpτ ;mq

if Y` P OΛpp, q;Zq

OΛpp, q;Zq “

"

Σ P GLpp ` q,Zq

∣∣∣∣ ΣTQΣ “ Q

*
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Emergence of Ensemble Symmetries: Duality Origami
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Emergence of Ensemble Symmetries: Duality Origami

Siegel-Weil Theorem
transmutes
T-Duality

into
CS Global Symmetries
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Emergence of Ensemble Symmetries: Duality Origami

One problem: Y` P OΛpp, q;Zq implies that Y` implements a classical symmetry

Can Quantum Symmetries be understood via origami?

Maybe
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Emergence of Ensemble Symmetries: Duality Origami

One problem: Y` P OΛpp, q;Zq implies that Y` implements a classical symmetry

Can Quantum Symmetries be understood via origami?

Maybe

JML Duality Origami 14 / 19



Part 2: Duality OrigamiEnd of

Part 1: Corfu ’22

Preview for Part 3:The Fate of
Emergent Ensemble Symmetries

What does all of this mean?
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Connecting to the Swampland & Beyond

‚ Swampland: Quantum Gravity should have no global symmetries

Are emergent ensemble symmetries in conflict with this notion?

Not quite: the bulk theory is not Einstein gravity, so no-gos do not apply

‚ But let’s say we don’t want the global symmetries: what can we do?

Learn from our colleagues: R.Blumenhagen, N.Cribiori, A.Makridou, C.Kneissl

‚ Option A: Gauge the Global Symmetries

‚ Option B: Introduce defects/corrections to break the symmetries

Similar idea was pursued in [Benini+, ’22] for global 1-form symmetries of Abelian CS

‚ Option B: Introduce defects/corrections to break the symmetries

How?
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Connecting to the Swampland & Beyond

‚ Potential answer: Go back to the theta functions

Roelcke-Selberg Spectral Decomposition:

f pτq “
1

4πi

ż

Repsq“ 1
2

pf ,EsqEspτqds `

8
ÿ

n“0

pf , νnqνnpτq

[Terras]

[Zagier, ’81]
[Benjamin+, ’22]

τ
D{2
2 θDpτ ;mq “ ED{2pτq `

1
4πi

ż

Repsq“ 1
2

dsπs´ c
2Γp´s ` D{2qEpDq

´s`D{2pmqEspτq

`
3
π
π1´D{2Γp´1 ` D{2qEpDq

´1`D{2pmq `

8
ÿ

n“1

pτ
D{2
2 ΘD , νnq

pνn, νnq
νnpτq
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Connecting to the Swampland & Beyond

‚ Potential answer: Go back to the theta functions
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First term is ensemble average – interpret remainder as corrections? 1/2-Wormholes?
Does a decomposition exist for generalized Narain CFTs? Partially
Is the ensemble a particular limit, like N “ 4 SYM story of [Collier,Perlmutter, ’22]?Maxwell-CS?

As above, so below
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Ensemble Holography Recap

Quantum Gravity
Number Theory

Holography

ÿ

AdS3
geometries

ZBulkrτ s “

ż

moduli
space

rdmsZCFTrm; τ s

CS Topological Invariants CFTs with general Q

What else is hiding in this correspondence?

Wormholes & Factorization
Emergent Ensemble Symmetries

Duality Origami
Class NumbersString Embedding

Spectral Decomposition of Automorphic Forms
Swampland Distance Conjecture

Maxwell-Chern-Simons
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