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N: Number of particles below                        .
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At large distance      directions in the parameter space of 
string vacua there must be an infinite tower of 
states with mass scale m.

�

[H. Ooguri, C. Vafa (2006)]
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Emergent String Conjecture :

The light tower of states at large distances is given 
by either light string excitations or light KK modes.

[S. Lee, W. Lerche, T.  Weigand (2019)]
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String Species :

Regge tower:

Effective number of species:

Species scale:

Agrees with the string scale             in d dimensions.
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Related species scale:

Radius of  dark dimension:

Dark Universe: 
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(Anti) de Sitter Conjecture - Dark Universe 

Tower mass scale:
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Gravitino Conjecture - Supersymmetry Breaking 
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So far we considered the number of species at large radii or at weak string coupling.

A) Spectrum of laplacian in topological B-model

B) a-function of a 4D CFT counts number of degrees of freedom.

For a general CY compactification, there is topological contribution to the 
number of species in terms of the genus-one free energy:
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„Topological“ number of species:

with

          is part of the topological string partition function:
<latexit sha1_base64="E39v7B7E8ontpuWlV6Anclr0E2o="></latexit>

F1

Arguments for the topological number species hypothesis:

[D.  van de Heisteeg, C. Vafa, M. Wiesner, D. Wu (2022)]

[M. Bershadsky, S. Cecotti, H. Ooguri, C. Vafa (1993);
I. Antoniadis, E. Gava, K. Narain, T.R. Taylor (1993)]



Here: black hole argument for this hypothesis
[N. Cribiori, D.L., G. Staudt (2022]



Here: black hole argument for this hypothesis

Black hole entropy contains information about number of species.

BH entropy:
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BH entropy conjecture

Black Hole Entropy Distance Conjecture:

- Test geometry by connecting BH-entropy related to internal moduli space.

Black holes are also related to a tower of states:
<latexit sha1_base64="TmXz3Hb+6WggiiKOYlNVdF7epYM="></latexit>

S ! 1
<latexit sha1_base64="9X5yXvEvM4kiLulRLc2dtHxtAP0="></latexit>

m =

✓
1

S

◆�

, � > 0
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- Our strategy for deriving the number of species: look for smallest possible 
black holes probes with particular charges. 
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Heterotic dyonic black holes with charges p and q:
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Electric and magnetic charges:
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However the Bekenstein - Hawking area does not provide the entire entropy !

Wald formula:
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<latexit sha1_base64="NMGcKj8Sshld1Hgqt6Zud8RRiaU="></latexit>

@F
@�⇤

= �q⇤,Introduce 
<latexit sha1_base64="ks4rAfsy2CvDUigDY0kbhl+k6C4="></latexit>

1

2⇡
�⇤ = X⇤ + X̄⇤ , F(�, p) = 4⇡ ImF such that

<latexit sha1_base64="61xOVoYcuuhxTxhE2QcyJk9Ht0g="></latexit>

S = ��⇤ @F
@�⇤

+ F(�, p)

Entropy is the Legendre transform of the free black hole energy:

BH partition function: 
<latexit sha1_base64="ZUCbKeHjPqQLZUKRI07q+gbakCQ="></latexit>ZBH = expF

[H. Ooguri, A. Strominger, C. Vafa (2004);
G. Cardoso, B. de Wit, J. Käppeli, T. Mohaupt (2006)]



Entropy:

<latexit sha1_base64="Q3ayluwsiRBuG4mYGT+2TjkQGU0="></latexit>

F (X,A) = F0 + F1A
<latexit sha1_base64="9kMTYGfTt+JJNuSUH737tIySpJM="></latexit>

F0 = �1

6

CijkXiXjXk

X0
, F1 = � 1
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<latexit sha1_base64="+jJ2h6NWvpy4Zjyfl4E3+RZbcic="></latexit>

S = 2⇡

r
1

6
q (Cijkpipjpk + c2ipi)

Agrees with microscopic entropy counting of wrapped M5-branes.

Attractor equation 
<latexit sha1_base64="J3N2cOVKD8LUoLnruMyhqBe0UG0="></latexit>

zi = ipi
r

q
1
6Cijkpipjpk + c2ipi

2-cycle volume at horizon:

IIA superstring on a CY manifold:

[K. Behrndt, G. Lopes Cardoso, B. De Wit, R. Kallosh, D.L. , T. Mohaupt (1996);
C. Lopes Cardoso, B. De Wit, T.  Mohaupt (1999)]

[J. Maldacena,  A. Strominger,  E. Witten (1997)]

Electric charge     ,    magnetic charges 
<latexit sha1_base64="xxtSIlNvYz8I44gt0pJJ/apAqFo="></latexit>

pi<latexit sha1_base64="5+gXA8BqJdQe9U054pLK3t0HIQY="></latexit>q



Classical volume (at horizon):

<latexit sha1_base64="XgCRjusxf2Jj4kYKFvVUGVSmGkk="></latexit>

V0 =

s
6q3

Cijkpipjpk

<latexit sha1_base64="VAKXxeihrAj6KGUa0BIsJ1amK8U="></latexit>

S0 = 2⇡V1/3
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6
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Classical case:   F1=0

[N. Cribiori, M. Dierigl, A. Gnecchi, D.L. , M. Scalisi (2022)]



Classical volume (at horizon):

<latexit sha1_base64="XgCRjusxf2Jj4kYKFvVUGVSmGkk="></latexit>

V0 =

s
6q3

Cijkpipjpk

<latexit sha1_base64="VAKXxeihrAj6KGUa0BIsJ1amK8U="></latexit>

S0 = 2⇡V1/3
0

✓
1

6
Cijkp

ipjpk
◆2/3

Classical case:   F1=0

[N. Cribiori, M. Dierigl, A. Gnecchi, D.L. , M. Scalisi (2022)]

Number of species:

Minimal entropy: 
<latexit sha1_base64="rG96dzakvrBV3e2eFW+c2NdAp2A="></latexit>

1

6
Cijkp

ipjpk = 1 =) S0,min = 2⇡V1/3
0

<latexit sha1_base64="EAK1oXi1uI3ubVMxDcIGFC76WS0="></latexit>

N = 2⇡V1/3
0

BH probes KK tower of two-cycle, minimal cycle on a CY.

<latexit sha1_base64="twT6BnjaUDvMebODHey3lAyJ9mQ="></latexit>q arbitrary



Special case: K3 fibred CYs:
<latexit sha1_base64="p3tyuk52hFI9MdJtLAvVkKj60Hk="></latexit>

F0 = (X0)2z1Cabz
azb

<latexit sha1_base64="l7YNNbxej/EBFevDaBhBJRQVuqw="></latexit>

S =
p

qp1Cabpapb = z1Cabp
apb

<latexit sha1_base64="9Y2RKFNJIQhp8SwWwijWYTCkyB4="></latexit>

z1 : Volume of           base of fibration.
<latexit sha1_base64="HpOneOGlrXKSHxh7NFqJGn1edUk="></latexit>

P 1



Special case: K3 fibred CYs:
<latexit sha1_base64="p3tyuk52hFI9MdJtLAvVkKj60Hk="></latexit>

F0 = (X0)2z1Cabz
azb

<latexit sha1_base64="l7YNNbxej/EBFevDaBhBJRQVuqw="></latexit>

S =
p

qp1Cabpapb = z1Cabp
apb

<latexit sha1_base64="9Y2RKFNJIQhp8SwWwijWYTCkyB4="></latexit>

z1 : Volume of           base of fibration.
<latexit sha1_base64="HpOneOGlrXKSHxh7NFqJGn1edUk="></latexit>

P 1

<latexit sha1_base64="71w8TMTAvg6Mprn9KGrLjStUevM="></latexit>

Cabp
apb = 1 ) Smin = z1

Minimal entropy: 

Number of species:
<latexit sha1_base64="8WlDCXuXF6ROEMckcUEElyjM0AU="></latexit>

N = z1 BH probes KK tower of              base 
<latexit sha1_base64="HpOneOGlrXKSHxh7NFqJGn1edUk="></latexit>

P 1

<latexit sha1_base64="yHxIaNertAsETOicnzfjyegyMnw="></latexit>' Tower of dual heterotic strings

<latexit sha1_base64="eOPzds/vwnI8DQkQGgF+lvUJeXg="></latexit>

Smin = N ⇠ 1

g2s

<latexit sha1_base64="D5+/63/174i6kfl8rRL8UdGGDHw="></latexit>

q, p1 arbitrary

[S. Lee, W. Lerche, T.  Weigand (2019)]



<latexit sha1_base64="+jJ2h6NWvpy4Zjyfl4E3+RZbcic="></latexit>

S = 2⇡

r
1

6
q (Cijkpipjpk + c2ipi)

Minimal entropy:
<latexit sha1_base64="f4O29Nwm/VdTPPOitxMB9ZhCyJY="></latexit>

Cijkp
ipjpk = 0 (pj = 0 , j 6= i)

Higher order case:   F1 non-zero

<latexit sha1_base64="m2cNhHZFrDb5F0x8ErlCdL6u64s="></latexit>

q, pi arbitrary This choice is possible for K3 and elliptic fibrations.

Shrunk K3 or elliptic fibre.



<latexit sha1_base64="+jJ2h6NWvpy4Zjyfl4E3+RZbcic="></latexit>

S = 2⇡

r
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6
q (Cijkpipjpk + c2ipi)

Minimal entropy:
<latexit sha1_base64="f4O29Nwm/VdTPPOitxMB9ZhCyJY="></latexit>

Cijkp
ipjpk = 0 (pj = 0 , j 6= i)

Higher order case:   F1 non-zero

<latexit sha1_base64="NutPbpkiSKWTpv3Gq4zOF55KR20="></latexit>
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q3/2q
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6c2ip
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q2

F1

<latexit sha1_base64="N1Oj6jGH3K2d1HDXRP2j9Qmbg2A="></latexit>

Smin = 2⇡

r
1

6
qc2ipi = 2⇡F1

<latexit sha1_base64="V8frVYiOAxkZdf2InH8VANK1dG8="></latexit>

N = 2⇡F1
<latexit sha1_base64="zEw/JwAOPMjALxiE4EdQppDjw+g="></latexit>

=)
Number of species:

Note that for this choice of charges: 

But finite „quantum“ volume:

<latexit sha1_base64="fGJ8hduJIbWefplASCB0TYg49Bk="></latexit>

V0 = 1 , S0 = 0
[N. Cribiori, D.L., G. Staudt (2022]

<latexit sha1_base64="m2cNhHZFrDb5F0x8ErlCdL6u64s="></latexit>

q, pi arbitrary This choice is possible for K3 and elliptic fibrations.

Shrunk K3 or elliptic fibre.



Note:

Here F1 is the higher order correction to the prepotential,  but it is strictly speaking 
not yet connected to genus-one partition function of the topological string.

So to make the connection to the topological  string we have to make the assertion:

<latexit sha1_base64="ZUCbKeHjPqQLZUKRI07q+gbakCQ="></latexit>ZBH = expF
<latexit sha1_base64="vHh86luOigqnNK7VENyVTidP9uU="></latexit>

= |Ztop|2

This is just the OSV conjecture !

OSV conjecture

[H. Ooguri, A. Strominger, C. Vafa (2004)]



Summary

Black Holes and their entropies provide information about species and tower of 
states in quantum gravity:

Minimal black hole entropy:

- KK species of internal geometry

- String species

- Species of topological string
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Thank you !


