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Randomly twisted bilayer graphene: Cascade transitions
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Twisted bilayer graphene (TBG) is known to have disorder in its twist angle. We show that in terms of a Dirac
equation with a random gauge potential A(r), this disorder becomes huge when the average twist angle is near
the magic angle where the Dirac velocity vanishes. The density of states then diverges at the Dirac point as
ρ(E ) ∼ E (2/z)−1 with z � 1, and we deduce that electrons occupy energies very near E = 0. We solve a strong
disorder problem by deriving a sum rule on the disorder averaged eigenfunctions from which we deduce that each
added electron contributes equal intraband Coulomb interaction energy. The various bands in TBG are related
by either A(r) → A(−r) or A(r) → −A(r), which affects the interband interaction energy. We find, within
Hartree-Fock, jumps in the chemical potential at each integer filling, accounting for the cascade transitions.
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I. INTRODUCTION

Twisted bilayer graphene (TBG) is extensively studied as a
unique platform for strongly correlated electrons. It has been
shown that near the corners of the moiré Brillouin zone the
electrons obey a 2D Dirac equation with a velocity that van-
ishes [1] at a magic twist angle of θm ≈ 1.1◦. By approaching
θm the interaction vs kinetic energies is easily tuned. The re-
markable cascade transitions [2–5] show a sequence of peaks
in the inverse compressibility dμ/dν when the filling factor of
electrons in a moiré unit cell is near an integer |ν| = 0, 1, 2, 3,
corresponding to several flavors, each having a Dirac point.
We note that the shape of the cascade transitions depends
markedly on the size of the probed system, a pattern that
recurs in symmerically twisted trilayer graphene (TTG) [6,7].
The peaks are broad and shifted from integer ν when probing
≈0.5 µm [2] or ≈0.1μ in TTG [6], while they are sharper
and more accurate at integer ν when probing larger areas
by either directly averaging over ≈2 µm [3] or by a global
measurements over a few micrometers [4,5] and up to ≈10 µm
in TTG [7]. We propose that this size dependence is related
to the disorder in the twist angle. The latter was studied in
TBG and shown to be present on scales �0.5 µm [8]. There
has been a considerable theoretical progress in understanding
TBG and its cascade transitions [1,2,4,9]; however, none of
these theories includes twist angle disorder. We claim that
disorder average is essential in any long-scale measurement
such as those in global experiments or in transport data. In
the present work we solve a strong disorder problem. We first
show that the twist angle disorder generates a random gauge
potential A(r) within a 2D Dirac equation. It can be taken as
transverse [10], i.e., Ax = ∂yV , Ay = −∂xV , with potential V
and effective magnetic field B = ∇2V . The disorder average,
B(q)B(q′) = πσq2(2π )2δ(q + q′) in Fourier space, defines
the dimensionless disorder parameter σ , which, as we show,
becomes huge near the magic angle. It is known that gauge
disorder produces an anomalous density of states (DOS) [11]

ρ(E ) ∼ E (2/z)−1, which undergoes a freezing transition, and
becomes divergent at large σ , with z ∼ √

σ [12]. We infer
then that the electrons occupy states very near E = 0 for
each of the flavors. Furthermore, we prove a sum rule for a
disorder average of the eigenfunctions of the Dirac equation,
from which we deduce that each added electron carries equal
average Coulomb interaction energy. Using known symme-
tries and explicitly known E = 0 solutions, we deduce the
average interaction also between the various flavors. Finally,
we evaluate the Hartree-Fock interaction energy and show
that the chemical potential μ jumps at each integer ν, ac-
counting for the main feature of the cascade transitions. The
Appendixes provide details on symmetries and on the reduced
Hamiltonian for both TBG and TTG, on density overlaps of
the explicitly known E = 0 states, and on disorder averages of
ρ2 that lead to the sum rules.

II. TWIST ANGLE DISORDER

We parametrize the deviation of the twist angle from its
mean value as δθ (r), and its disorder average by

δθ (r + δr)δθ (r) = γ

(
a

Lm

)2

e−|δr|/
0 , (1)

where a, Lm are the lattice constants of a single layer and
of the bilayer moiré lattice, respectively, with Lm ≈ 13 nm,
and 
0 is a correlation length. Reference [8] provides de-
tailed analysis of the δθ (r) distribution, showing two samples
with standard deviations of 0.025◦ and 0.022◦. Since a

Lm
=

2 sin 1
2θ ≈ θm, we infer γ ≈ 5 × 10−4. Assuming that 
0 is

dominated by the maximal ∇θ these samples imply 
0 =
0.13–0.21 µm, alternatively taking their “typical gradient” of
0.05◦/µm implies 
0 ≈ 0.5 µm. The onset of Landau fans at
B ≈ 1 T, corresponding to a cyclotron resonance of 30 nm,
indicates a shorter 
0.
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Consider next the resulting strain. A single graphene layer
whose unit cell is tilted by an angle δθ (r) has a shear strain
[13]

1
2 (∂xuy − ∂yux ) = δθ. (2)

This relation involves the transverse component of the dis-
placement pattern (ux, uy), whose Fourier components are
uα (q) = 2iεαβqβδθ (q)/q2. The strain implies that the nearest-
neighbor C-C spacing a′ = a/

√
3 as well as the corresponding

transfer integral are modulated; hence, the Dirac equation ac-
quires a gauge vector potential [14–17]

Ãx(q) = i
β

2a′ (qxux − qyuy) = −2β

a′
qxqy

q2
δθ

Ãy(q) = −i
β

2a′ (qyux + qxuy) = β

a′
q2

y − q2
x

q2
δθ, (3)

where β ≈ 3 (Ref. [14]) leading to a fictitious magnetic

field B(q) = iqx
3q2

y −q2
x

q2
β

a′ δθ (q). Upon angular averaging for
the scale 
0 � Lm we can identify the disorder parameter as

πσ̃ ≡
∫

d2r
∑
j=x,y

Ã j (r)Ã j (r′) = 1

2

(
β

a′

)2 ∫
d2rδθ (r)δθ (0)

≈ 27πγ

(

0

Lm

)2

. (4)

Each layer has actually 1
2δθ with γ = 5 × 10−4/4; hence, for

the range 
0 = 200–500 nm we estimate σ̃ = 0.8–5 per layer.
We note that the strain due to lattice relaxation [15,17] is also
described by a gauge potential which is, however, periodic on
the moiré lattice, while in our case A(r) varies on the scale

0 � Lm.

Consider next a one-layer Hamiltonian vF σ · k with veloc-
ity vF , Pauli matrices σ, and momentum k measured from a
chosen moiré Brillouin-zone corner (a Dirac point). The per-
turbative approach [1,15,17] (Appendix A) couples this Dirac
point by wave vectors qi to the three neighboring corners
that correspond to states on the other layer. This interlayer
tunneling is u0 on AA regimes and u1 on AB regimes (AA or
AB refers to the relative arrangement of the two layers). The
interlayer coupling contributes an opposite sign ∼ − vF σ · k;
hence, the effective velocity v vanishes at θm. Including Ã(r)
in this derivation is valid since 
0 � Lm, i.e., the qi apply on a
scale where Ã(r) is locally constant. Since Ã(r) ∼ δθ (r) has
opposite signs on the two layers, the near cancellation of vF

does not apply to, leading to an effective Hamiltonian:

Heff = vσ · [−i∇ − A(r)]

v = vF
1 − 3ū2

1

1 + 3
(
ū2

0 + ū2
1

) ,
A(r) = 1 + 3ū2

1

1 − 3ū2
1

Ã(r), (5)

where ūi = ui
3a

4πvF θ
, i = 1, 2. The velocity v coincides with

the original [1] result when u0 = u1. It indicates the presence
of a magic angle, and is in fact very close to the exact (nu-
merical) result [1,15,17] for A = 0. The same form of Heff is
found also for symmetric TTG (Appendix A). We note that

TABLE I. Flavors and eigenstates.

Symmetry Flavor Hamiltonians Eigenstates Eigenstates
relation Hvm,v E → −0 E → +0

1 H+,+ = vσ · [−i∇ − A(r)]

(
eV (r)

0

) (
0

e−V (r)

)

ηx H−,+ = vσ · [−i∇ + A(r)]

(
e−V (r)

0

) (
0

eV (r)

)

σxR H+,− = vσ∗ · [i∇ − A(−r)]

(
0

eV (−r)

) (
e−V (−r)

0

)

σxRηx H−,− = vσ∗ · [i∇ + A(−r)]

(
0

e−V (−r)

) (
eV (−r)

0

)

in deriving Heff factors e±iθσz/4 that can lead to non-Abelian
disorder [18] are neglected here and elsewhere [15,17,19]
since θ is small (Appendix A).

It is remarkable that at the magic angle 3ū2
1 → 1 the

coefficient of Ã(r) remains finite; thus, the disorder effect
becomes stronger and would induce a divergent DOS [11]
and a freezing transition [12] before reaching the magic an-
gle. An expansion in θ yields v(θ + δθ ) = v(θ ) + vF

δθ
θ

. With
the given standard deviation we consider δθ = 0.025◦ as the
closest approach to θm; the velocity is then reduced to v ≈
vF 0.025/1.1 ≈ vF /40. At this situation the disorder parame-
ter πσ = ∫

d2r
∑

j=x,y A j (r)Aj (r′) is enhanced to σ = 402σ̃ ,
i.e., given the previous estimate, σ can reach huge values of
103–104.

We proceed to identify the various flavors and their sym-
metry relations (also in Appendix A) related to the symmetries
of the ordered system [19,20]. The operator ηx for exchanging
the two layers results in the same Hamiltonian equation (5)
except that A(r) changes sign; hence, ηx = {A(r) → −A(r)}.
This symmetry relates the two moiré valleys, a flavor de-
noted as vm = ±. Consider next states built from distinct
graphene valleys v = ± via complex conjugation and space
reflection R; hence, σ → σ∗, A(r) → A(−r). Adding finally
the electron spin s = ± we end up with 3 flavors vm, v, s
and therefore 8 bands, consistent with the A(r) = 0 case
[21]. A significant operation is the particle hole (p-h) sym-
metry, C = ηxσxK, where K is complex conjugation, since
CHeffC = −Heff , similar to the A(r) = 0 case [19,20]. We
also note a time-reversal symmetry operator σyηyK and a chi-
ral symmetry σzηz as in similar cases [22]. Thus, our system
of 8 Dirac points corresponds to class BDI.

The E = 0 explicit eigenfunctions are known [11]; hence,
the symmetries determine these also for the other flavors. In
Table I we summarize the symmetry relations, the Hamil-
tonian of each flavor, and the exact E = 0 eigenstates in
terms of V (r), where we recall that Ax(r) = ∂yV (r), Ay(r) =
−∂xV (r), and the spin variable s is implicit, unaffecting the
Hamiltonians. Each Hamiltonian is 2 × 2 in its subspace,
i.e., σ act on the AA and AB states of the moiré unit cell;
thus, the whole 3-flavor system is a 16 × 16 matrix. Table I
shows two eigenstates for each of the flavors, corresponding
to E → ±0, related by the p-h operator C. The third column
in the table is chosen to represent E → −0 states as generated
from each other by the symmetries in the first column, while
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the fourth column represents E → +0 states (the third and
fourth columns may be interchanged as a whole, unaffecting
the following results).

For simplified reading one may proceed directly to Eqs.
(12) and (17) for just the E = 0 states that can be straighfor-
wardly derived, and then proceed to the Hartree-Fock section.
The purpose of the next sections on DOS and sum rules is to
prove that Eq. (17) is valid for all eigenstates.

III. DOS

The local DOS is found by projecting the fermion ac-
tion into the subspace of energy E + iε (E , ε real) and then
bosonizing [11,12]. The disorder is averaged with the replica
method, generating boson fields φa(r) with a = 1, ..., m,
eventually m → 0. The noninteracting bosonic action is

S0 =
∫

d2r
1

8π

∑
a,b

(K−1δa,b + σ )∇φa · ∇φb, (6)

where the K parameter is a conventional generalization [23],
although up to now K = 1. The system is solved with E =
0, where the bare interaction ε

2παv

∑
a

∫
d2reiφa (r) + H.c. in-

volves a cutoff α of the fermion-boson transformation [23],
α ≈ Lm. Since the disorder sets in at a longer scale 
0 we
first integrate out wave vectors in the range 1/
0 < q <

1/α so that 〈eiφa (r)〉0 = ( α

0

)K eiφa (r) with φa(r) now varies on
scales �
0. Thus, all states correspond now to wave vectors
q � 1/
0 or densities � 1/
2

0. The bare interaction becomes∑
a

∫
d2r

2

0
ε̃eiφa (r) + H.c., where ε̃ = εα

2πv
( α

0

)K−2. We note that
deviations from a linear dispersion at q > 1/
0 could change
the definition of ε̃. In the following we use ε̃ as the input for
further disorder renormalization on scales q < 1/
0.

To treat the strong disorder case properly and obtain the
correct scaling dimension of ε̃ cos φa(r), we include from the
start all higher-order terms as generated by renormalization
group [24–28]. The interaction is then

∑
{n} Y [n]ein·φ, where

{n} is a set of vectors of length m and entries 0,±1, φ =
{φ1(r), ..., φm(r)}, and Y [n] = �aε̃

n2
a ; the bare interaction has∑

a n2
a = 1. The bosonic action is then

SB = S0 −
∫

d2r


2
0

∑
{n}

Y [n]ein·φ. (7)

The DOS, either in terms of the eigenfunctions of the Dirac
Hamiltonian ϕn(r) and their eigenvalues En or in terms of the
bosonic variables [12], is

ρε (E , r) = − 1

π
Im
∑

n

1

E − En + iε
|ϕn(r)|2

= 1

π
2
0

∂

∂ε

〈∑
{n}

Y [n]ein·φ
〉
, (8)

where 〈...〉 averages φa(r) with SB; the notation |ϕn(r)|2 ≡
ϕ†

n (r) · ϕn(r) means a spinor product. We evaluate ρε (r) =
ρε (E = 0, r) with a variational method and summarize
here the results [12]. The interaction is replaced by∑

a,b
1
2 [σc(K, ε̃)δab + σ0(K, ε̃)]φa(r)φb(r) and the variational

condition determines σ0(K, ε̃) � σc(K, ε̃) ≈ 
−2
0 ε̃2/z up to a

numerical prefactor. The exponent is z = K (
√

8σ − 1) for
strong disorder σ > 2/K2, while z = 2 − K + σK2 for weak
disorder. We note that in the classical limit (K = 0, any σ ),
where cos φa(r) is expanded near its minimum, σc(K =
0, ε̃) = ε

2πvα
is correctly reproduced. Furthermore, for σ = 0

σc(K, ε̃) is 
0 independent, as it should be.
The average DOS (8) is then

ρε (r) ≈ 1

2π2vα

(
α


0

)K

ε̃ (2/z)−1. (9)

To find the conventional DOS ρ(E , r) = ∑
n δ(E −

En)|ϕn(r)|2, we note the relation

ρε (r) = 1

π

∫
dE

ε

ε2 + E2
ρ(E , r)

⇒ ρ(E , r) ≈ sin(π/z)

2π2vα

(
α


0

)K

Ẽ (2/z)−1, (10)

where Ẽ = Eα
2πv

( α

0

)K−2; hence, the DOS diverges at E = 0
when z > 2. The average density at a chemical potential μ

is then

ρ(r) =
∫ μ

0
ρ(E , r)dE = sin π/z

π
2
0

∫ μ̃

0
Ẽ (2/z)−1dẼ

≈ 1

2
2
0

μ̃2/z, (11)

where in the last relation z � 1 and μ̃ = μα

2πv
( α

0

)K−2. Hence,

μ is flat for the admissible densities ρ(r) � 1/
2
0, reflecting

the divergent DOS.

IV. SUM RULES

Our aim in this section is to evaluate density overlaps,
i.e., disorder average |ϕi(r)|2|ϕ j (r)|2 for the various 2-spinor
eigenstates of the Dirac equation (5). We consider first
the E = 0 states listed in Table I. These are evaluated in
Appendix B (including their normalization factors) using
replica methods, aiming to find their L dependence. The re-
sults in terms of the scaler V (r) are, for σ > σc = 2,∫

d2re4V (r)/N2+ ≈ 1


2
0

, (12a)

∫
d2r/N+N− ≈

(
L


0

)2−8
√

σ/2 1


2
0

→ 0, (12b)

∫
d2re[2V (r)±2V (−r)]/N+N± ≈ 1

L2
, (12c)

where the normalization factors are N± = ∫
d2re±2V (r). These

results determine readily the 64 density overlaps between all
the states listed in Table I. We note that (12a) is actually the
inverse participation ratio, which has been studied by various
methods [25,29,30], consistent with the present result. We
note further that (12b) shows that the intensity overlap of each
state with its p-h conjugate, as well as same energy overlap of
states with vm = ± and same v, s are all vanishingly small.

We proceed to evaluate density overlaps of all E �= 0 states
by proving sum rules, derived by squaring both the fermionic
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and bosonic forms of (8) and then averaging. Consider first
the fermionic form of (8):

ρ2
ε (r) = 1

π2

∑
i, j

ε2(
E2

i + ε2
)(

E2
j + ε2

) |ϕi(r)|2|ϕ j (r)|2

≈ 1

π2ε2

|Ei|,|Ej |<ε∑
i, j

|ϕi(r)|2|ϕ j (r)|2, (13)

so that ε can be interpreted as the chemical potential μ. The
disorder average ρ2

ε in its bosonic form is in fact a two-layer
problem [12] as detailed in Appendix C. We find

ρ2
ε =

(
1

π
2
0

)2

2

0

ε2
σc(2K, ε̃2) ≈ 2ρ(r)

π2
2
0ε

2
, (14)

where the exponent z = K (
√

8σ − 1) → 2z so that
σc(2K, ε̃2) ≈ 
−2

0 (ε̃2)2/2z = 
−2
0 μ̃ 2/z = 2ρ(r) using Eq.

(11). We note that ρ2
ε = 1

L2
2
0ε

2 f [ε̃( L

0

)z] satisfies a scaling

form with f (0) = 1, f (x) ∼ x2/z at x � 1, interpolating
between the single-particle (12a) and the finite-density case
(14). A similar scaling for class AIII was proposed [31],
though for individual terms of Eq. (13).

Equating the two forms (13), (14) yields a sum rule on the
disorder average of all occupied states of the Dirac equation,

|Ei|,|Ej |<μ∑
i, j

∫
d2r|ϕi[A(r), r)]|2|ϕ j[A(r), r]|2 ≈ N

π
2
0

, (15)

where ρ(r)L2 = N is the total number of electrons in the
partial filled band with E � 0; A(r) is specified here to allow
for other overlaps below. We note that with the single E = 0
state the result with N = 1 reproduces Eq. (12a); the latter
was derived without using the fermion-boson transformation.
The change N → N + 1 corresponds to an addition of one
overlap in (15) with either Ei = ±Ej = μ. The sign choice
is prompted by the known E = 0 overlap and the shared
symmetry of either E > 0 or E < 0 states. Since at equal
E → 0 the Ei = Ej overlap is dominant while Ei = −Ej is
vanishingly small [Eq. (12b)], we deduce that all the terms in
(15) are equal to δi, j/π
2

0.
Consider next the density overlaps between the states of

H++ and H−+, generated by ρε[A(r)]ρε[−A(r)]. This case
also leads to a similar sum rule [interchanging φ±

a in Eq.
(C1)]:

|Ei|,|Ej |<μ∑
i, j

∫
d2r|ϕi[A(r), r]|2|ϕ j[−A(r), r]|2 ≈ N

π
2
0

. (16)

In this case theE → +0 state of H++ in Table I strongly
overlaps with the E → −0 state of H−+, while equal energy
states have a vanishingly small overlap. Thus, we deduce in
this case that the change N → N + 1 generates an Ei = −Ej

overlap and that all terms in (16) are equal to δi,− j/π
2
0, where

δi,− j means Ei = −Ej .
Next consider the overlaps of H++ with H+−

states. The latter involve r → −r; hence, the overlap
is that of states localized at different positions and we
expect

∫
d2r|ϕi[A(r), r]|2|ϕ j[A(−r),−r]|2 ≈ δi, j/L2

consistent with Eq. (12c). In this case, however, we do
not have an exact sum rule; yet this can be motivated by
considering the overlap of densities e2V (r) and e2V (r−r0 ) with
r0 � 
0, representing states localized at different positions.
This overlap is evaluated in Eq. (B20) and yields the same
result as Eq. (12c). The same reasoning and result apply to
overlaps of H++ with H−− states.

Defining interaction parameters by multiplying the various
overlaps by U
2

0 (to be used in the next section), we finally
obtain

U1 = U
2
0

∫
d2r|ϕi[A(r), r)]|2|ϕ j[A(r), r]|2 ≈ Uδi, j

U1 = U
2
0

∫
d2r|ϕi[A(r), r)]|2|ϕ j[−A(r), r]|2 ≈ Uδi,− j

U2 = U
2
0

∫
d2r|ϕi[A(r), r)]|2|ϕ j[A(−r),−r]|2

≈ U

2

0

L2
δi, j . (17)

These results are fully consistent with the various overlaps in
Eq. (12) of the E = 0 states. For the latter states we can find
the matrix elements also for small σ ; see Eq. (B21).

V. HARTREE-FOCK

The Coulomb interaction Vc(r) has a screening length [2]
of d/εB ≈ 10 nm, where d is the distance to the gate; the εB is
the dielectric constant of the spacer h-BN. Since the range of
the eigenstates 
0 is much longer we can use a local interaction
defined by U ≡ ∫

Vc(r)d2r/
2
0. The average interaction is for

occupied states in the flavors α (including spin) with i are
states within each band, i.e., the eigenstates are now 16 long
spinors ϕiα (r):

〈H〉int = 1

2
U
2

0

∫
d2r

∑
i j,αβ

[ϕ†
iα (r)ϕiα (r)ϕ†

jβ (r)ϕ jβ (r)

−ϕ
†
jβ (r)ϕiα (r)ϕ†

iα (r)ϕ jβ (r)]. (18)

The first term is the direct (Hartree) interaction and the
second one is the exchange (Fock) interaction. The spinor
product implies that the exchange vanishes for α �= β (orthog-
onal spinors). For α = β we note that within that subspace the
eigenstates have the form ϕ̃i(r)bi, where bi are 2-spinors and
ϕ̃i(r) are scalars and the latter represent the AA and AB moiré
lattice sites that are close on the scale 
0; hence, they have a
common r dependence. The disorder average involves, from
the first Eq. (17), |ϕ̃i(r)|2|ϕ̃ j (r)|2 ∼ δi, j for both exchange and
direct terms, which therefore precisely cancel. The disorder
average Hartree-Fock energy is then

〈Hint〉 = 1

2
U
2

0

∫
d2r

∑
i j,α �=β

|ϕiα|2|ϕ jβ |2. (19)

The initial interpretation [2] that has accounted for the
main features of the cascade transitions has assumed that there
are 4 effective bands, each allowing filling of −1 < ν < 1. We
find (consistent with [21]), however, that there are 8 noninter-
acting flavors each allowing filling of − 1

2 < ν < 1
2 .
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TABLE II. HF flavor filling and chemical potentials.

ν States μ

–4 ↑ ++, ↓ − + E < 0 0
−3 ↑ +−, ↓ − − E < 0 2U2

−2 ↓ ++, ↑ − + E < 0 U1 + 2U2

−1 ↓ +−, ↑ − − E < 0 U1 + 4U2

0 ↑ ++, ↓ − + E > 0 2U1 + 4U2

1 ↑ +−, ↓ − − E > 0 2U1 + 6U2

2 ↓ ++, ↑ − + E > 0 3U1 + 6U2

3 ↓ +−, ↑ − − E > 0 3U1 + 8U2

This apparent contradiction is reconciled by our key result
that the states with opposite vm have vanishingly small inter-
actions for all equal v, s, sign(E ), as in Eq. (12b). In contrast,
e.g., spin-↑ and spin-↓ states with the same vm, v, sign(E )
interact strongly as in Eq. (12a). Our system is then equivalent
to the Hartree-Fock result (19) with 4 bands each having −1 <

ν < 1. We note that each of the effective bands is separated
into 2 by sign(E ) of their kinetic energy. This separation is
not due to the kinetic energy itself, which is negligible, but
due to the significantly different interaction terms as listed in
(17).

Finally, we address the cascade transitions. The DOS diver-
gence of each flavor implies that the occupied states are very
near E = 0 and therefore the kinetic energies are negligible.
Hence, we need just the direct term with α �= β in (19) and
use the interactions in Eq. (17). There are a number of choices
for filling up the various flavor states, all leading to equivalent
sequences of chemical potentials. In Table II we have chosen
states with equal ↑, ↓ populations since spin polarization (in
the absence of magnetic fields) is not observed [5,32]. We find
that the stronger jumps are those into even fillings while the
weaker jumps depend on the probed size L.

VI. CONCLUSIONS

Our first observation is the huge disorder parameter near
the magic angle. We claim that averaging on twist angle dis-
order is essential in measurements on scales L � 
0, where

0 = 0.2–0.5 µm is the disorder correlation length in TBG
[8], while less precisely known for TTG. Our second finding
is a solution of a strong disorder problem with results on
E �= 0 eigenstates of the Dirac equation with random gauge in
terms of sum rules and their individual terms, Eqs. (15)–(17).
Finally, we apply a Hartree-Fock average to show jumps of the
chemical potential at integer ν, as in the cascade transitions
[2–7].

We recall that the shape of the cascade transitions is cor-
related with the measurement scale L as discussed in the
Introduction. In particular, the peaks are broad and shifted
from integer ν when probing ≈0.5 µm [2] or ≈0.1μ in TTG
[6], while they are sharper and more accurately at integer ν

when probing larger areas by either directly averaging over
≈2 µm [3] or by global measurements over a few micrometers
[4,5] and up to ≈10 µm in TTG [7]. We propose then that the
disorder average at L � 
0 leads to sharper transitions as in
our Hartree-Fock result, accounting for the main feature of
the data.

We finally note that the jump values in Table II are inde-
pendent of σ , i.e., the cascade transitions should not change
with the distance to the magic angle, as long as σ > 2. Upon
increasing |θ − θm| the disorder may reach σ = 2; at this
elusive freezing transition we expect the cascade transitions
to change considerably [see Eqs. (B21)].

In conclusion, we have shown that twist angle disorder is
crucial for interpreting data on long scales L � 
0 near the
magic angle. This interpretation reveals insights on eigen-
states of the Dirac equation in the presence of a random gauge
potential.
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APPENDIX A: SYMMETRIES AND THE REDUCED
HAMILTONIAN

In this Appendix we derive the symmetries of the effective
Hamiltonian in the presence of a random vector potential and
derive the reduced Hamiltonian near the magic angle for both
TBG and TTG.

A given Dirac point in graphene, i.e., a given valley, is split
by the relative rotation θ into 2 Dirac points that are connected
by the wave vectors [1]

q1 = kθ (0, −1), q2 = 1
2 kθ (

√
3, 1), q3 = 1

2 kθ (−
√

3, 1),

(A1)

where kθ = 4π
3Lm

. The effective Hamiltonian near these Dirac
points is

H(1) =
(

vF σ · [−i∇r − Ã(r)] ei(θ/4)σz T̂ (r)ei(θ/4)σz

e−i(θ/4)σz T̂ †(r)e−i(θ/4)σz vF σ · [−i∇r + Ã(r)]

)

T̂ (r) =
3∑

i=1

eiqi ·rTi,

Tj = u01 + u1 cos[( j − 1)φ]σx + u1 sin[( j − 1)φ]σy,

j = 1, 2, 3, (A2)

where φ = 2π/3, vF is the bare Dirac velocity of a single
layer, σx,y,z are Pauli matrices, and the interlayer couplings at
either AA or AB overlaps are u0 and u1, respectively. This ef-
fective Hamiltonian with Ã = 0 was given in Ref. [1] and was
extended [15,17] to cases with a vector potential induced by
lattice relaxation. In our case Ã(r) is random; it has opposite
signs on the two layers since Ã(r) ∼ ±δθ .
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The Hamiltonian near the second valley is

H(2) =
(

vF σ∗ · [i∇r − Ã(−r)] e−i(θ/4)σz T̂ ∗(r)e−i(θ/4)σz

ei(θ/4)σz T̂ ∗†(r)ei(θ/4)σz vF σ∗ · [i∇r + Ã(−r)]

)
.

(A3)

This is obtained by rotating (A2) by C2z, which involves the
operator R = {r → −r} and interchange carbon sites A ↔
B, i.e., σx; hence, H(2) = RσxH(1)σxR using σxT (−r)σx =
T ∗(r).

We note that the factors e±iθσz/4 in Eqs. (A2) and (A3) are
commonly neglected [15,17,19] since θ is small. However,
these factors lead to non-Abelian disorder that can be rele-
vant [18]. These factors modify the u0 interlayer coupling to
u0eiθσz/2 so that Eqs. (A2) and (A3) contain to leading order
to H′ = ∓ 1

2 u0θσzηy
∑

j eiq j ·r, where ηx,y,z are Pauli matrices

in the subspace of the two layers. Since θ (r) = θ + δθ (r) H′
represents non-Abelian disorder. In comparison, the Abelian
disorder vF σ · Ã(r)ηz contains ≈ vF δθβ/a′ [Eq. (3)]; hence,
the ratio of coefficients is u0/2

vF β/a′ ≈ 10−2, assuming u0 ≈ u1 ≈
4πvF θ

3a
√

3
near the magic angle θ = 1.1◦ ≈ 0.02 rad. In the fol-

lowing we therefore neglect these e±iθσz/4 factors.
We consider next the symmetries of the Hamiltonian, ex-

tending previous studies [19,20] to our case with a random
Ã(r). Note first that the Hamiltonian of both layers, with
Pauli matrices τ in the valley subspace, possess the symmetry
operation σxτxR:

σxτxRHσxτxR = R

(
0 σx

σx 0

)(
H(1) 0

0 H(2)

)(
0 σx

σx 0

)
R = H.

(A4)

This is an extension of the single-valley symmetry [20]
σxKR for the case Ã(r) = 0, where K represents complex
conjugation.

Since we neglect the small θ in Eqs. (A2) and (A3) the sys-
tem has a particle-hole (p-h) symmetry operator C = ηyσxK,

CH(1)C = K
(

0 −iσx

iσx 0

)

×
(

σ · [−i∇ − Ã(r)] T̂ (r)

T̂ †(r) σ · [−i∇ + Ã(r)]

)

×
(

0 −iσx

iσx 0

)
K = −H(1), (A5)

and similarly with H(2). This is actually the same operator as
in the Ã(r) = 0 case [20]. Thus, for each eigenstate |ψ〉 with
eigenvalue E there is an eigenstate C|ψ〉 with eigenvalue −E .
In view of the symmetry (A4) the p-h symmetry can also be
represented by τxηyRK, which mixes the two valleys. We note
that a time-reversal operator τxK, which is a valid symmetry
for Ã(r) = 0, is broken when Ã(r) �= 0. The symmetries in
the reduced Hamiltonian near the magic angle are also con-
sidered in Sec. II.

We proceed to find the reduced Hamiltonian near the
magic angle. We follow the perturbation expansion [1,15,17]
in u0, u1 connecting a state in layer I to 3 states in layer
II. We then find an effective Hamiltonian near the Dirac
point of layer I. The one-layer Hamiltonian vF σ · [−i∇ −
Ã(r)] with a state ψ0(r) is connected by Tj to the 3 states
ψ j (r)e−iq j ·r, j = 1, 2, 3. Ignoring the small θ rotation (exact
for u0 = 0), the 4×4 Hamiltonian equation (A2) becomes an
8×8 one,

H̃ = vF

⎛
⎜⎜⎜⎜⎝

σ · [−i∇ − Ã(r)] T1/vF T2/vF T3/vF

T1/vF σ · [−i∇ + Ã(r) − q1] 0 0

T2/vF 0 σ · [−i∇ + Ã(r) − q2] 0

T3/vF 0 0 σ · [−i∇ + Ã(r) − q3]

⎞
⎟⎟⎟⎟⎠. (A6)

Note that Ã(r) is slowly varying on the scale Lm so that it is
kept on the diagonal. This is in contrast to the vector potentials
from lattice relaxation [15,17] that carry momenta qi − q j

(i �= j) and therefore appear in this matrix in off-diagonal
positions; the latter case results in a shift of the magic angle
[15,17].

We next repeat the known limit i∇ = Ã(r) = 0 showing
that it has an eigenstate �0 = (ψ0, ψ1, ψ2, ψ3) with zero
eigenvalue. Defining matrices hj, j = 1, 2, 3,

hj = −vF σ · q j = ivF kθ

(
0 −e−i( j−1)φ

ei( j−1)φ 0

)

h−1
j = h j/(vF kθ )2, Tjh

−1
j Tj = (

u2
0 − u2

1

)
h j/(vF kθ )2.

(A7)

Note that
∑

j Tjh
−1
j Tj = 0 for any u0, u1. The eigenvalue

equation of (A6) yields

lines 2,3,4 Tjψ0 + h jψ j = 0 ⇒ ψ j = −h−1
j Tjψ0

line 1
∑

j

Tjψ j =
(∑

j

Tjh
−1
i Tj

)
ψ0 = 0, (A8)

which identifies ψ j and proves that it has vanishing
eigenvalue. Assuming 〈ψ0|ψ0〉 = 1, we find the normaliza-
tion 〈�0|�0〉 = 1 + 3(ū2

0 + ū2
1) using (h−1

j )2 = 1/(vF kθ )2 and
defining ūi = ui/vF kθ , i = 1, 2.

Consider next the effective Hamiltonian projected to the ψ0

space, to first order in −i∇, Ã(r), defined by

〈ψ0|Heff |ψ0〉 ∼ 〈�0 + O(k, Ã)|vF σ · [−i∇1 − Ã(r)D]|�0

+ O(k, Ã)〉, (A9)
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where D is a diagonal matrix with elements (1,−1,−1,−1). Including the normalization, we obtain

〈ψ0|Heff |ψ0〉 = 1

1 + 3(ū2
0 + ū2

1)
〈�0|vF σ · [k1 − Ã(r)D]|�0〉

= vF

1 + 3(ū2
0 + ū2

1)
〈ψ0|σ · [k − Ã(r)] +

∑
j

Tj
(
h−1

j

)†
σ · [k + Ã(r)]h−1

j Tj |ψ0〉

= vF

1 + 3(ū2
0 + ū2

1)
〈ψ0|σ · [k − Ã(r)] − 3ū2

1σ · [k + Ã(r)]|ψ0〉. (A10)

This then identifies the reduced Hamiltonian, Eq. (5).

We note that in addition to Ã(r) ≈ β

a′ δθ [Eq. (3)] the
Dirac Hamiltonian equation (5) contains a δθ dependence
from v(θ + δθ ) = v(θ ) + vF

δθ
θ

, hence a Hamiltonian term
≈ −ivF

δθ (r)
θ

σ · ∇, possibly relating to interference between
different moiré periodicities [33]. However, the ratio of this
term to that of Ã(r) is small, a′


0θβ
� 1, and is therefore

neglected, taking |∇| ∼ 1/
0.
We next interchange the two layers with an operator ηx,

i.e.,

ηxH(1)ηx

=
(

σ · [−i∇r + Ã(r)] e−i(θ/4)σz T̂ †(r)e−i(θ/4)σz

ei(θ/4)σz T̂ (r)ei(θ/4)σz σ · [−i∇r − Ã(r)]

)
,

(A11)

and build the perturbation expansion with a state on layer
II that is coupled to 3 states in layer I. This corresponds
to expanding near the Dirac point of layer II representing a
distinct Moiré valley. Neglecting θ , the only change in the
perturbative solution is q j → −q j , which does not change the
result. The effective Hamiltonian is then the same as in (A10),
i.e., Eq. (5), except significantly that Ã(r) → −Ã(r). Hence,
we represent ηx explicitly by Ã(r) → −Ã(r).

Considering next the other graphene valley with H(2), the
perturbation proceeds with h j → −h∗

j = −h j (−φ), so the
effective Hamiltonian is (A10) except Ã(r) → Ã(−r) and
Heff → H∗

eff .
The system is thus decoupled into three subspaces labeled

with s, vm, v, where s = ± for spin, vm = ± for moiré valley,
and v = ± for graphene valley. Each of the resulting 8 bands
has a single Dirac cone (positive and negative energies) with
2 spinor components defined (in real space) on AA and AB
sites, respectively.

Trilayer twisted graphene. We finally consider mirror-
symmetric TTG, in particular the ABA configuration, as in the
relevant experiments [6,7]. We also note that the ABA config-
uration is energetically favored, having a stronger interlayer
coupling [34].

We derive the reduced Hamiltonian, following the previous
TBG derivation and its TTG extension [35]. We allow initially
for arbitrary variations in the local twist angle of each layer,
leading to 3 random vector potentials A j (r), j = 1, 2, 3. The
previous interlayer matrices Tj for AA overlap at the middle of
the moiré unit cell need to be replaced by Tj → e−iq j ·r0 Tj for
AB overlap, where r0 = 4π

3
√

3kθ

(−1, 0); eventually, this phase
factor has no effect. The Hamiltonian (A6) becomes, for the
ABA configuration,

H̃ =

⎛
⎜⎜⎜⎜⎜⎝

vF σ · [−i∇ − A1(r)] T1 T2 T3 0

T †
1 vF σ · [−i∇ − A2(r) − q1] 0 0 T †

1

T †
2 0 vF σ · [−i∇ − A2(r) − q2] 0 T †

2

T †
3 0 0 vF σ · [−i∇ − A2(r) − q3] T †

3

0 T1 T2 T3 vF σ · [−i∇ − A3(r)]

⎞
⎟⎟⎟⎟⎟⎠.

(A12)

At i∇ = A j (r) = 0 the eigenstates �0 = (α, β1, β2, β3, γ ) for vanishing eigenvalue satisfy

lines 2,3,4 T †
j α + h jβ j + T †

j γ = 0 ⇒ β j = −h−1
j T †

j (α + γ )

lines 1,5
∑

j

Tjβ j = 0 = −
∑

j

Tjh
−1
j T †

j (α + γ ), (A13)

and the mirror symmetry allows α = ±γ . The normalization for the case α = γ is

〈�0|�0〉 = 2 + 〈α + γ |
∑

j

Tj
(
h−1

j

)†
h−1

j T †
j |α + γ 〉 = 2 + 12

(
ū2

0 + ū2
1

) ≡ C.
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The effective Hamiltonian, projected on |α〉, to first order in i∇, A j (r) is

〈α|Heff |α〉 = 〈�0|vF σ ·

⎛
⎜⎜⎜⎜⎜⎜⎝

[−i∇ − A1(r) 0 0 0 0

0 −i∇ − A2(r) 0 0 0

0 0 −i∇ − A2(r) 0 0

0 0 0 −i∇ − A2(r) 0

0 0 0 0 −i∇ − A3(r)

⎞
⎟⎟⎟⎟⎟⎟⎠

|�0〉

= vF

C
〈α|σ · [−2i∇ − A1(r) − A3(r)] +

∑
j

〈α + γ |Tj
(
h−1

j

)†
σ[−i∇ − A2(r)]h−1

j T †
j |α + γ 〉

= vF

C
〈α|σ · [−2i∇ − A1(r) − A3(r)] − 12ū2

1σ[−i∇ − A2(r)]|α〉

⇒ Heff = vF

C
σ · [−2i∇(1 − 6ū2

1

)− (
A1(r) + A3(r) − 12ū2

1A2(r)
)]

. (A14)

The Dirac velocity is then

v = vF
1 − 6ū2

1

1 + 6
(
ū2

0 + ū2
1

) . (A15)

The critical value where v vanishes, relative to that of TBG,
is ūc

1(TTG) = ūc
1(TBG)/

√
2; since ū1 ∼ 1/θ the magic angle

satisfies θm(TTG) = √
2θm(TBG). The disorder terms can be

written as

v

4

{
1 + 6ū2

1

1 − 6ū2
1

[A1(r) + A3(r) − 2A2(r)]

+ A1(r) + A3(r) + 2A2(r)

}
.

The first term diverges at the critical point, hence dominant,
while the second term is finite and is therefore neglected. The
effective disorder vector potential is then

A(r) = 1 + 6ū2
1

4
(
1 − 6ū2

1

) [A1(r) + A3(r) − 2A2(r)]

Heff = vσ · [−i∇ − A(r)], (A16)

exactly the same form as Eq. (A5). In terms of the local twist
angles δθi(r) we have A(r) ∼ δθ1(r) + δθ3(r) − 2δθ3(r) =
δθ12(r) + δθ32(r). We note that for the solution α = −γ

Eq. (A13) implies β j = 0; hence, the interlayer coupling has
no effect and the Dirac Hamiltonian is just vF σ · [−i∇ −
Ai(r)], i = 1, 3, i.e., the velocity vF is maintained and the
disorder has a minor effect.

APPENDIX B: DENSITY OVERLAPS FOR E = 0 STATES

We wish to evaluate the density overlaps between the various E = 0 eigenstates listed in Table I. By density overlap we mean
the disorder average |ϕi(r)|2|ϕ j (r)|2 for various 2-spinor eigenstates of the Dirac equation with a random gauge potential.

We start with replica symmetric method that applies to weak disorder [11]. Consider, where eventually n → 0, and using
〈V 2(r)〉 = 1

2σ ln L

0

, 〈V (r)V (0)〉 = 1
2σ ln L

r ,

Pq,q′ =
∫

e2q′V (r)d2r

[
∫

e2V (r)d2r]q
=
∫

e2q′V (r)d2r �
n−q
j=1

∫
d2r je2V (r j ) =

∫
d2rd2r1...d

2rn−qe2[q′V (r)+∑n−q
j=1 V (r j )]2

= eσ (q′2+n−q) ln L

0

∫
d2rd2r1...d

2rn−qe
2σq′∑n−q

j=1 ln L
|r−r j | +2σ

∑n−q
i< j ln L

|ri−r j | ≈
(

L


0

)σ (q′2+n−q)

L2+2(n−q) n→0=
(

L


0

)σ (q′2−q)

L2−2q.

(B1)

Since n → 0 at the end, we always omit factors Z (1)n in denominators, where Z (1) = ∫
e2V (r)d2r. The last step assumes that all

differences |r − ri|, |ri − r j | ∼ L so the the dimension of the integral is 2 + 2(n − q), implying that σ is not too large. For the
needed intensity overlaps, P2,2 ∼ L2σ−2 and P2,0 ∼ L−2−2σ .

To treat large σ we follow the packet partition of replicas leading to replica symmetry breaking (RSB), as discussed in
Ref. [24] Appendix D and in Ref. [26] Eqs. 77–81. For strong σ we expect strong attraction between replica variables; thus,
we allow the option of forming packets where p replica variables ri are close to each other. Eventually p is determined by a
minimum condition. Consider first the packet division of Pq0. In (B1) divide the n − q replicas into (n − q)/p packets having
p replicas each. Each packet has rki, k = 1, ..., p close to each other while the interpacket distance is ∼L. Thus the number of
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integrations ∼L2 is 1 + (n − q)/p (including 1 from the nominator of Pq0),

Pq,0 = e2σ (n−q) ln L

0 L2+2 n−q

p

{∫
�

(n−q)/p
i=1

d2r1i...d2rpi

L2
e

2σ
∑p

k,k′=1

∑(n−q)/p
i< j ln L

|rki−rk′ j |
}

e2σ
1
2 p(p−1) n−q

p ln L

0

≈ L2+2 n−q
p

(
L


0

)σ (n−q)+σ (p−1)(n−q)



2(p−1) n−q

p

0
n→0= 


2−2q
0

(
L


0

)2−2q( 1
p + 1

2 σ p)

, (B2)

where the {} integral is by assumption convergent for each packet so it is ≈ 

2(p−1)
0 . Minimizing 1

p + 1
2σ p leads to p =

min[ 1√
σ/2

, 1], hence a critical σc = 2. For σ < 2 there is no RSB (p = 1) and the result coincides with (B1). For σ > 2 RSB is
present (p < 1), hence

Pq,0 ≈ 

2−2q
0

(
L


0

)2−4q
√

σ/2

σ > 2. (B3)

In the following we actually need a slightly different average,

P′
2,0 =

∫
d2r∫

d2r e2V (r)
∫

d2r e−2V (r)
=
∫

d2r
n−1
�
i=1

d2rid
2r′

i e2
∑n−1

i=1 [V (ri )−V (r′
i )]. (B4)

Since the groups ri and r′
i come with opposite signs of V they interact with −σ < 0, which does not favor packet formation.

Hence, we treat the two groups separately. Divide each group of n − 1 replicas into i = 1, 2, ..., (n − 1)/p packets having p
replicas each. Each packet has either rki, k = 1, ..., p or r′

ki, k = 1, ..., p close to each other while the interpacket distance is ∼L.
Thus, the number of integrations ∼L2 is 1 + 2(n − 1)/p:

P′
20 = e2σ (n−1) ln L


0 L2+4(n−1)/p

{∫
�

(n−1)/p
i=1

d2r1i...d2rpi

L2

∫
�

(n−1)/p
i=1

d2r′
1i...d

2r′
pi

L2

× e
[2σ

∑p
k,k′=1

∑(n−1)/p
i< j ln L

|rki−rk′ j |
]+[all rki−rk′ j→r′

ki−r′
k′ j

]−2[all rki−rk′ j→rki−r′
k′ j

]
}

e2σ ln L

0

1
2 p(p−1)2(n−1)/p

≈ L2+4(n−1)/p

(
L


0

)2σ (n−1)+2σ (p−1)(n−1)



2(p−1)2(n−1)/p
0

n→0= 
−2
0

(
L


0

)2−4( 1
p + 1

2 σ p)

, (B5)

where {...} is L independent. The result is identical to P2,0.
For q′ �= 0 the r, ri integrations are not symmetric; therefore, allow for one packet of size p0 that interacts with q′V (r), i.e.,

its variables are r, rk0, k = 1, . . . , p0. The other variables are divided into packets of size p, i.e., i = 1, ...,
n−q−p0

p packets. Each

packet has a c.m. that spans the area L2, while the spacing between packet members is ≈ 
0. Each intrapacket interaction is
∼ ln L


0
, while all interpacket terms are ∼ ln L

|rki−rk′ j | , i �= j. Hence,

Pq,q′ = eσ (q′2+n−q) ln L

0 L2+2 n−q−p0

p

{∫
d2r

L2

p0

�
k=1

∫
d2rk0

n−q−p0

�
i=1

1

L2

p
�

k=1

∫
d2rki

× e
2σq′∑p

k=1

∑
j=1 ln L

r−rk j | +2σ
∑p0

k=1

∑p
k′=1

∑
j ln L

|rk0−rk′ j |
+2σ

∑p
k,k′=1

∑
i< j ln L

|rki−rk′ j |
}

× e2σ ln L

0

[q′ p0+ 1
2 p0(p0−1)+ 1

2 p(p−1) n−q−p0
p ]

. (B6)

The {...} factor is again L independent; hence,

ln Pq,q′

ln L
= σ (q′2 + n − q) + 2

(
1 + n − q − p0

p

)
+ 2σq′ p0 + σ p0(p0 − 1) + σ p(p − 1)

n − q − p0

p

n→0= σq′2 + 2 − 2

(
1

p
+ 1

2σ p

)
(q + p0) + 2σq′ p0 + σ p2

0. (B7)

Optimizing with respect to p leads as before to p = min(1, 1/
√

σ/2), hence a critical σc = 2. Optimizing with respect to p0

yields three regimes:

p0 + q′ =

⎧⎪⎨
⎪⎩

q′, σ < 2
2q′−1

1
2

(
1 + 2

σ

)
, 2

2q′−1 < σ < 2

1/
√

σ/2, σ > 2.

(B8)
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In the first two regimes we assume q′ � 1. In the first, small σ < 2
2q′−1 regime one has p = 1, p0 = 0, which leads to Pq,q′ ∼

Lσ (q′2−q)+2−2q in agreement with (1), while in the third, σ > 2 regime one finds

Pq,q′ ≈
(

L


0

)−4
√

σ/2(q−q′ )



2−2q
0 , σ > 2, q′ > 0. (B9)

Note that at q′ = 0 this result differs from the previous Pq,0 in (2) by a factor L2; in this case the variable p0 is redundant since
there is no q′V (r) to induce it.

Finally, we find an intermediate regime for 2
2q′−1 < σ < 1. This regime was obtained previously in the case q′ = q by a

completely different replica method, and called “prefreezing” [30] (in that case, it represents the disorder-averaged inverse
participation ratio). Here we find in that regime

Pq,q′ ≈
(

L


0

)−(2+σ )(q−q′ )− (2−σ )2

4σ



2−2q
0 ,

2

2q′ − 1
< σ < 2, q′ > 1. (B10)

Although it is gratifying to obtain here the prefreezing regime by a distinct replica method, we will not need it for our
applications, which focus on large σ .

Remark. It is important to note that the Pq,q′ computed here are disorder averages of the ratios Z (q′)/Z (1)q, where we denote
Z (q) = ∫

e2qV (r)d2r, also called annealed quantities. One can also compute the typical values of these ratios, as was done for
q′ = q in Ref. [26] Eq. 138, as well as in Ref. [29] Eq. 4.5 within Derrida’s random energy model. These studies have shown
that at large L

log Z (q)

log L
→
{

2 + σq2, σ < 2/q2

4q
√

σ/2, σ > 2/q2.
(B11)

Since log(Z (q′)/Z (1)q) = log Z (q′) − q log Z (1) it leads to three regimes:

log(Z (q′)/Z (1)q)

log L
→

⎧⎪⎨
⎪⎩

σ ((q′)2 − q) + 2 − 2q, σ < 2/(q′)2

4q′√σ/2 − q(2 + σ ), 2/(q′)2 < σ < 2

4
√

σ/2(q′ − q), σ > 2.

(B12)

Comparing with the above we see that the typical and average differ only in the intermediate disorder regime, i.e., the nature of
the prefreezing is slightly different in both cases.

Consider next the density overlap,

Q1,−1 =
∫

d2r e2V (r)−2V (−r)∫
d2r e2V (r)

∫
d2r e−2V (−r)

=
∫

d2r
n−1
�
i=1

d2rid
2r′

i e2V (r)−2V (−r)+2
∑n−1

i=1 [V (ri )−V (−r′
i )]. (B13)

Since the groups r, ri and −r,−r′
i come with opposite signs of V they interact with −σ < 0, which does not favor packet

formation. Hence, we treat the two groups separately. Consider rk1, k = 1, ..., p1 as one packet with p1 − 1 replicas, which
includes r = r11 for convenience, and then packets rki, k = 1, ..., p each with p replicas and i = 2, 3, ..., n′ = n−p1

p + 1, which
altogether represent n − 1 replicas. Similarly, consider all rki → −r′

ki with r′
11 = −r. Note that the pair r,−r cannot be in the

same packet since then r � 
0 and the c.m. of the packet cannot span the whole space; hence, the packets rk1, r′
k1 are distinct.

Thus,

Q1,−1 = eσ ln L

0

(2+2n−2)L2+2(n′−1)2

{∫
d2r

L2

p1

�
k=2

∫
d2rk1

n′

�
i=2

1

L2

p
�

k=1
d2rki

p1

�
k=2

∫
d2r′

k1

n′

�
i=2

1

L2

p
�

k=1
d2r′

ki

× e
[2σ

∑p1
k=1

∑p
k′=1

∑n′
i=2 ln L

|rk1−rk′ i |
+2σ

∑p
k,k′=1

∑n′
i< j ln L

|rki−rk′ j |
]+[all rki−rk′ j→r′

ki−r′
k′ j

]−[all rki−rk′ j→rki+r′
k′ j

]
}

× e2σ ln L

0

[
1
2 p1(p1−1)+ 1

2 p(p−1)(n′−1)]2, (B14)

where {...} is L independent. Hence,

ln Q1,−1

ln L
= 2 + 4

n − p1

p
+ 2σn + 2σ

[
p1(p1 − 1) + p(p − 1)

n − p1

p

]
n→0= 2 − 4

p1

p
+ 2σ p1(p1 − p).

Let us start with the case σ > 2. Minimizing over p yields p = 1/
√

σ/2 and over p1 is the same, p1 = 1/
√

σ/2. While there
is RSB in the packet size p there is no change in Q1,−1, reflecting a σ -independent exponent,

Q1,−1 ≈
(

L


0

)−2


−2
0 σ > 0. (B15)
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Indeed, optimizing now for σ < 2 one finds p = 1 and naively p1 = ( 1
2 + 1/σ ). However, the optimum cannot be reached since

one must have p1 � 1; hence, one must set p = p1 = 1 leading to the same −2 exponent.
Remark. One can check that the typical value of the ratio decays even faster than the average, i.e., it can be argued to equal to

log Z (
√

2) − 2 log Z (1), which leads to typical exponent −2 for σ < 1, 4(
√

σ − 1 − σ/2) for 1 < σ < 2, and 4
√

σ/2(
√

2 − 2)
for σ > 2.

Consider next

Q1,1 =
∫

d2r e2V (r)+2V (−r)∫
d2r e2V (r)

∫
d2r e2V (−r)

=
∫

d2r
2n−2
�
i=1

d2ri e2V (r)+2V (−r)+2
∑2n−2

i=1 V (ri ), (B16)

where in the denominator change variable so that V (−r) → V (r). Again, the pair r,−r cannot be in the same packet since
then r � 
0 and the c.m. of the packet cannot span the whole space. Consider then one packet rk1, k = 1, ..., p1 with p1 − 1
replicas and r11 = r; a second packet rk2, k = 1, ..., p2 with p2 − 1 replicas and r12 = −r; and then packets rk j, k = 1, ..., p
with j = 3, 4, ..., n′ = 2n−p1−p2

p + 2, so that the total number of replicas is 2n − 2.

Q1,1 = eσ ln L

0

(2+2n−2)L2+2(n′−2)

{∫
d2r

L2

p1

�
k=2

∫
d2rk1

p2

�
k=2

∫
d2rk2

n′

�
j=3

1

L2

p
�

k=1

∫
d2rk j

× e
2σ [

∑p1
k=1

∑p2
k′=1

ln L
|r1k −r2k′ | +

∑p1
k=1

∑p
k′=1

∑n′
j=3 ln L

|r1k −r jk′ | +
∑p2

k=1

∑p
k′=1

∑n′
j=3 ln L

|r2k −r jk′ | +
∑p

k,k′=1

∑n′
3�i< j ln L

|rik −r jk′ | ]
}

× e2σ ln L

0

[
1
2 p1(p1−1)+ 1

2 p2(p2−1)+ 1
2 p(p−1) 2n−p1−p2

p ]
, (B17)

where {...} is L independent. Hence,

ln Q1,1

ln L
= σ [2n + p1(p1 − 1) + p2(p2 − 1) + (p − 1)(2n − p1 − p2)] + 2 + 2

2n − p1 − p2

p

n→0= σ
[
p2

1 + p2
2 − p(p1 + p2)

]+ 2 − 2
p1 + p2

p
. (B18)

Minimizing with respect to p, p1, p2 yields p = p1 = p2 = 1 for σ < 2 while p = p1 = p2 = 1/
√

σ/2 for σ > 2. Thus, also
Q1,1 is independent of σ ,

Q1,1 ≈
(

L


0

)−2


−2
0 σ > 0. (B19)

Consider next the density overlap of two states displaced by r0 � 
0, supporting the form of U2 in Eq. (17),

Q(r0) =
∫

d2re2V (r)+2V (r−r0 )

[
∫

d2re2V (r)]2
=
∫

d2r
2n−2
�
i=1

d2ri e2V (r)+2V (r−r0 )+2
∑2n−2

i=1 V (ri ). (B20)

The evaluation is similar to that of Q1,1 with −r replaced by r − r0. Since r0 � 
0 the packets containing either r or r − r0 are
distinct. Hence, the derivation is the same as for Q1,1 with the result Q(r0) ≈ 1/L2.

We note here that our sum rules in Sec. IV are proven for large σ . In fact, one can check the consistency of identifying ε as
a chemical potential in Eq. (13) by substituting the result (17) in the first line of Eq. (13) and using ρ(E , r). This reproduces
precisely Eq. (14) except for a factor (1 − 1

z ); hence, the derivation is valid for z � 1.
We summarize here the various Coulomb matrix elements of Eq. (17) for the E = 0 states and for all σ . These matrix elements

serve as indicators for the cascade transitions also at σ < 2.

U1 = U
2
0P2,2 ≈ U σ > 2

≈ U

(
L


0

)− (2−σ )2

4σ 2

3
< σ < 2

≈ U

(
L


0

)2σ−2

σ <
2

3

U2 = U
2
0Q1,±1 ≈

(
L


0

)−2

all σ

U3 = U
2
0P2,0 ≈

(
L


0

)2−8
√

σ/2

σ > 2

≈
(

L


0

)−2σ−2

σ < 2. (B21)
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Hence, all matrix elements and the resulting cascade transitions are σ independent at σ > 2, in particular U3 is vanishingly small.
In contrast, at σ < 2 the matrix element U1 decreases while U3 becomes comparable to U1, U2 so we expect that the form and
strength of the cascade peaks change considerably. Thus the freezing transition, which is a minor effect in the DOS, becomes
prominent when observing the cascade transitions.

APPENDIX C: DISORDER AVERAGE ρ2
ε

We evaluate here the disorder average ρ2
ε , which is used in Eq. (14) to evaluate the density overlaps of all E �= 0 states.

This is achieved by considering a two-layer problem, following Ref. [28], Sec. IV B and Ref. [12], Sec. IV B. The average
DOS itself, summarized below Eq. (8), is a similar one-layer problem. The layers ↑, ↓ are identical; for later use they have
distinct fugacities ε↑ ε↓, so the interaction and the Gaussian terms, and the variational Hamiltonian are [eventually we replace
ε↑, ε↓ → ε̃ as defined below Eq. (6)],

Hint = 1

πα
[ε↑ cos φ↑ + ε↓ cos φ↓] →

∑
{n↑,n↓ �=0}

ε

∑
a n2

↑a

↑ ε

∑
a n2

↓a

↓ ein↑·φ↑+in↓·φ↓

H′ =
∫

d2r

⎡
⎣ 1

8π

∑
a,b

(K−1δa,b + 2σ )∇φ+
a · ∇φ+

b + 1

8πK
∇φ−

a · ∇φ−
b

⎤
⎦

H0 = H′ + 1
2

∫
d2r

∑
a,b,±

(σ±
c δab + σ±

0 )φ±
a φ±

b , (C1)

where φ± = (φ↑ ± φ↓)/
√

2 and the full Hamiltonian is H = H′ −∑
r Hint. Note that the disorder couples only to φ+

a with
strength 2σ . The Green functions for H0 yield, defining u±, A± as in Ref. [12]∫

q
G± = −4u±δab − 2A±, u± = K

4
ln
(
4πK
2

0σ
±
c

)

A+ = −σK2 ln
(
4πK
2

0σ
+
c

)+ K
σ+

0

2σ+
c

− K2σ, A− = K
σ−

0

2σ−
c

, (C2)

as in Eq. (58) of Ref. [12] and 1/
0 serves as a momentum cutoff. The interaction average becomes

〈Hint〉0 =
∑

{n↑,n↓ �=0}
ε

∑
a n2

↑a

↑ ε

∑
a n2

↓a

↓ 〈ein↑·(φ++φ− )/
√

2+in↓·(φ+−φ− )/
√

2〉0

=
∑

{n↑,n↓ �=0}
ε

∑
a n2

↑a

↑ ε

∑
a n2

↓a

↓ eu+
∑

a(n↑a+n↓a )2+ 1
2 A+(

∑
a n↑a+n↓a )2+u−

∑
a(n↑a−n↓a )2+ 1

2 A−(
∑

a n↑a−n↓a )2

=
∑
{nαβ }

m!

n00!n+0!...n++!
〈ε
∑

a n2
↑a

↑ ε

∑
a n2

↓a

↓ eu+
∑

a(n↑a+n↓a )2+u−
∑

a(n↑a−n↓a )2+ω+
∑

a(n↑a+n↓a )+ω−
∑

a (n↑a−n↓a )〉ω

〈...〉ω ≡
∫∫

e− ω2+
2A+ − ω2−

2A−
dω+dω−

2π
√

A+A−
, (C3)

nαβ with α, β = ±1, 0, count the number of pairs that have α entry in the ↑ layer and β entry in the ↓ layer,
∑

αβ nαβ = m. All
the replica sums in the exponent can be written in terms of nαβ . The sum can be written as

∑
{nαβ }

m!

n00!n+0!...n++!
〈(ε↑eu++u−+ω++ω− )n+0 (ε↓eu++u−+ω+−ω− )n0+ (ε↓eu++u−−ω++ω− )n0− (ε↑eu++u−−ω+−ω− )n−0

× (ε↑ε↓e4u++2ω+ )n++ (ε↑ε↓e4u−+2ω− )n+− (ε↑ε↓e4u+−2ω+ )n−− (ε↑ε↓e4u−−2ω− )n−+〉ω. (C4)

To prove this, check the exponents of ε↑, ε↓ and the coefficients of either of u±, ω± :

ε↑ : n+0 + n−0 + n++ + n+− + n−− + n−+ =
∑

a

n2
↑a

ε↓ : n0+ + n0− + n++ + n+− + n−− + n−+ =
∑

a

n2
↓a

u+ : n+0 + n0+ + n0− + n−0 + 4n++ + 4n−− =
∑

a

(n↑a + n↓a)2

235113-12



RANDOMLY TWISTED BILAYER GRAPHENE: CASCADE … PHYSICAL REVIEW B 113, 235113 (2026)

u− : n+0 + n0+ + n0− + n−0 + 4n+− + 4n−+ =
∑

a

(n↑a − n↓a)2

ω+ : n+0 + n0+ − n0− − n−0 + 2n++ − 2n−− =
∑

a

(n↑a + n↓a)

ω− : n+0 − n0+ + n0− − n−0 + 2n+− − 2n−+ =
∑

a

(n↑a − n↓a). (C5)

This confirms (C3) so that the summation is a ninomial expansion,

Z = 1 + ε↑eu++u−+ω++ω− + ε↓eu++u−+ω+−ω− + ε↓eu++u−−ω++ω− + ε↑eu++u−−ω+−ω−

+ ε↑ε↓e4u++2ω+ + ε↑ε↓e4u−+2ω− + ε↑ε↓e4u+−2ω+ + ε↑ε↓e4u−−2ω−

1

m
〈Hint〉0 = 1

m
〈Zm〉ω m→0= 〈ln Z〉ω. (C6)

As in Ref. [12] we expect the solution where σ−
c = 0 (i.e., it is irrelevant). Hence, u− → −∞ and

Z = 1 + ε↑ε↓e4u++2ω+ + ε↑ε↓e4u+−2ω+ . (C7)

Denoting ε̃ = √
ε↑ε↓, by a similar calculation as the one leading to (15)–(17) in Ref. [12] the self-consistent equation is now

σ+
c ∼ Prob(2u+ + ω+ + log ε̃ > 0) ∼ exp

⎛
⎝
(
K + 2 log ε̃

log σ+
c

)2

8σK2
log σ+

c

⎞
⎠, (C8)

which means that σ+
c is dominated by the tail of the Gaussian distribution of ω+. This leads to σ+

c ∼ ε̃ 2/z, with the previous
z = K (

√
8σ − 1). A stronger argument, valid more generally is to note (following Ref. [12]) that the solution is the same as in

the one-layer case with K → 2K and ε↓ε↑ → ε̃2; hence, σ+
c ∼ (ε̃2)2/2z = ε̃ 2/z with the previous z = K (

√
8σ − 1).

Our aim is to find the disorder average of ρε↑ρε↓ . Using the interaction average [Eq. (C6)] and the bosonic form of Eq. (7),

ρ2
ε =

(
1

π
2
0

)2(
ε̃

ε

)2
∂2

∂ε↑∂ε↓
〈ln[1 + ε↑ε↓e4u++2ω+ + ε↑ε↓e4u+−2ω+ ]〉ω

=
(

1

π
2
0

)2(
ε̃

ε

)2〈 e4u++2ω+ + e4u+−2ω+

[1 + ε̃2(e4u++2ω+ + e4u+−2ω+ )]2

〉
ω

=
(

1

π
2
0

)2

2

0σc(2K, ε̃2)

ε2
. (C9)

In the last equality we identify the mass parameter σc of the DOS evaluation as given in Eq. (15) of Ref. [12] and note that e2u

is negligible in that expression. The result (C9) is reproduced in Eq. (14), which eventually leads to the various density overlaps
as summarized in Eq. (17).
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