Journal of Physics C: Solid State Physics

You may also like

Commensurate-incommensurate transitions in tWo St oo o e

magnetic phases

dimensions-a low-temperature expansion 1 M Perez-Msto, J L Ribeiro, V Pericek of

al.

. . . . . - Structural superlubricity in 2D van der
To cite this article: B Horovitz 1982 J. Phys. C: Solid State Phys. 15 175 Waals heteroiunctions

Jiahao Yuan, Rong Yang and Guangyu
Zhang

- Incommensurability-induced sub-ballistic

narrow-band-states in twisted bilayer
agraphene

Miguel Gongalves, Hadi Z Olyaei, Bruno
Amorim et al.

View the article online for updates and enhancements.

This content was downloaded from IP address 132.72.86.147 on 01/08/2024 at 11:05


https://doi.org/10.1088/0022-3719/15/2/003
/article/10.1088/0953-8984/24/16/163201
/article/10.1088/0953-8984/24/16/163201
/article/10.1088/0953-8984/24/16/163201
/article/10.1088/1361-6528/ac1197
/article/10.1088/1361-6528/ac1197
/article/10.1088/2053-1583/ac3259
/article/10.1088/2053-1583/ac3259
/article/10.1088/2053-1583/ac3259

J. Phys. C: Solid State Phys., 15 (1982) 175-181. Printed in Great Britain

Commensurate~incommensurate transitions in two
dimensions—a low-temperature expansion

Baruch Horovitz

Department of Nuclear Physics, Weizmann Institute of Science, Rehovot, Israelt
and Department of Physics, University of Southern California, Los Angeles, CA 90007,
USA

Received 19 February 1981

Abstract. The commensurate-incommensurate transition of a two-dimensional classical
sine~Gordon system is studied by the equivalent one-dimensional quantum system. The
latter is expanded around its classical limit, corresponding to a low-temperature expansion
of the two-dimensional system. It is found that both mass and wavefunction renormalisation
are required. The critical exponent for incommensurability is 8 = 0, but if the momentum
cut-off is kept finite we obtain 8 = 1. The classical limit is a singular point and the results are
reliable when they are not too close to the transition.

1. Introduction

The commensurate—incommensurate (C-I) transition is of current interest as it gener-
alises the theory of melting in two dimensions. The classical (7 = 0) theory was solved
by Frank and van der Merwe (1949) who showed that the degree of incommensurability
vanishes as an inverse logarithm at the transition, i.e. an exponent 8 = 0. The finite
temperature problem can be studied by a one-dimensional quantun sine~Gordon system
with quantum coupling 8 ~ T (Takayama 1980). For finite 3 the exponent is 3 = §, first
shown for £ = 45 (Horovitz 1979) and then extended to 0 < 82 < 8 (Luther et al 1979,
Pokrovski and Talapov 1979, 1980, Haldane 1980, Schultz 1980). Thus the classical limit
B — 0 seems to be a singular point of the theory.

In this paper we study the lowest-order correction in 2 around the classical limit.
This approach is analogous to the spin wave theory of the XY system which can yield
information on the transition to the disordered phase (Kosterlitz 1974), Here the cor-
responding transition is from the incommensurate phase to a fluid phase. The lowest-
order correction in [ is of further interest as it can be mapped on the adiabatic
fermion—phonon system (Horovitz 1981).

2. Renormalisation procedure

Consider the quantum sine—-Gordon Hamiltonian

*2
H= fdx(%nz(x, 0+ %(x, t) + n;—?_(l ~ ¢os Bg) — uiﬁ;(p’ (x, t)> (1)
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where m = ¢ and ¢, ¢’ are time and space derivatives respectively. The last term of
equation (1) is a chemical potential u coupled to the soliton density o where

=L [0 @

and L is the length of the system.

The c-1 transiton occurs when u = E;, where E| is the single soliton energy. Instead
of a fixed u, we consider now a fixed p, i.e. a fixed boundary condition on the field. If
¥s(x)/Bisaclassical solutionfor the equation of motion, perturbation theoryisdeveloped
by the substitution ¢(x, £) = B~ P(x) + @(x, 1) which yields (Tomboulis 1975, Jackiw
1977):

"= f de{(UAAEPL + m (L — cos )] + 447
+ 4@ + dm*2 cos Pyx) ¢ + O(F). 3)

The translation mode 9:(x) isa degree of freedom of the classical field and is excluded
from the field @, i.e.

[ aar= [ opar=0
and

n - . -1
(.0, §0,0] = e =) = 7160 T ([ v az) )

Since ;(x) is a classical field, its equation of motion is determined by minimising the
expectation value (H). To order *:

Y+ m*?sin P, — 3B4m*? sin (% = 0. (5
For the ¢ field equations (3) and (4) yield
@ = ¢ — m*?cos P . (6)

The last term of (5) is a mass renormalisation and equation (5) and (6) become
non-trivial coupled equations when 9 and (¢*) are space dependent. This difficulty is
overcome by a wavefunction renormalisation, i.e. P = vy + y; where y; ~ O(4) and
15 is a solution of

-y, + m}siny, = 0. (7)
The renormalised mass 2 is m* + O(f) so that the ¢ equation to order 5% is
= ¢" — micos Y. (8)

The function ¥,(x) can now be determined by expanding equation (5) to order 5*:
— i + mi cos Y1 = Imif*sin (@D + (ml— m*)siny,.  (9)
It is shown in the Appendix that (¢*) can be written in the form D, +Dyy!%(x) for any

solution ys(x) of equation (7) where D, D; are space independent. It is then easy to
check that

D.=[1- ziﬁ;gi—] (@, (10)
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It is remarkable that equation (9) can be solved explicitly with the result
Yi(x) = $°Di(x) — GmiBD, + mi — m*?) xyi(x)/2m3, (11)

The only restriction on v is that it should not change the boundary condition, and the
crucial observation is that this can be achieved by a suitable choice of ;. The boundary
conditions are Y(L) —y(0) = 2npL and periodic boundary conditions on derivatives
of y,, e.g. ¥:(0) =y¢(L). Only the second term of equation (11) violates the boundary
conditions; therefore we require its coefficient to vanish:

mi=m** —imif*D, + O(B). (12)

The renormalisation of the vacuum v, = 0 involves Dy = (¢*); which is space
independent. The renormalised mass m, is then given by:

mj = m* — smsfDy + O(B*) (13)

in agreement with the normal ordering procedure for renormalising the sine-Gordon
system (Coleman 1975). The normal ordering procedure is not sufficient to renormalise
space-dependent solutions and (¢*) has to be replaced by D; of equation (10). Amit et
al (1980) have shown that wavefunction renormalisation is also necessary near the point
u=0, f*=8n. This completes the renormalisation procedure, and we turn now to
examine its consequences.

3. Soliton lattice

The solution of equation (7) with a soliton density p, also known as a soliton lattice, is
given by Frank and van der Merwe (1949):

sin #(ys — ) = sn(mx/k, k) (14)

where sn is the Jacobian elliptic function (Whittaker and Watson 1962) with parameter
k,0 =< k < 1. The solution y(x) increases by 2 as x is increased by / = 1/p where

p = mi[2kK (k)] (15)

and K(k) is the complete elliptic integral of the first kind.

Proceeding now to the quantun perturbation, we note that equation (8) describes
small oscillations, i.e. phonons, around the classical solution. Equation (8) with y, given
by equation (14) corresponds to the Lamé equation and has well known eigenfunctions
(Fetter and Stephen 1968, Sutherland 1973). The potential cos 1,(x) is periodic, with
the first Brillioun zone at the wavevector ¢ = s/l and [ = 1/p. The spectrum has a gap
just at the first zone and separates the phonons into ‘acoustic’ and ‘optic’ branches.

Details of the eigenfunctions and eigenvalues are given in the Appendix. A straight-
forward calculation now yields:

1 k 1. 2 11+k"?
R T W T i P
where k' =1 — kand e— 0 as A — = (equation A.6).
The vacuum is defined by v, = 0 (no solitons) and its phonons have the dispersion

= (i + )" a7

e + O(&%) (16)
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where 0 <|g| < Aand Dy =2(2w))~'. Fromequations (12) and (13) we derive m; which
depends on the soliton density through the parameter k:

m = {1 + é[l . &(iﬁg - —é-k’7'> ; 0(54)“. (18)

In the limit of a single soliton p— 0, k' — 0 and K(k) — In 4/k’ — % we obtain m; = my.
This justifies the renormalisation procedure for a single soliton (Dashen ef al 1975, Maki
and Takayama 1979). In the field theory limit one takes e— 0, (or A—> ) after can-
celling the divergences. In equation (18) we also keep an € term since it drastically
changes the behaviour for p~ 0: k' — 4 exp(—m/2p) while E/K — 2p/m;. This may be
relevant to the theory on a lattice with a finite cut-off, and affects the critical behaviour
at the C-I transition as we show in the next section.
The energy of the soliton lattice, Eg , is given by the expectation value of equation

(3) relative to that of the vacuum. The first term of equation (3) yields

mi 4

k’K [ B
where the Dg term comes from the mass renormalisation. The second term of equation
(3) is the zero point motion which is$Z,(w, —}). When these terms are combined, all
divergences as e— 0 cancel and the result in terms of m; is:

O (E - l1«,'21<)(1—ﬁ)+——[(E K)lnr_kT

(E — $k'K) + DyE — k’zK)] (19)

Es/p=—

f k
2

LK + 52(% —IEQ+ k) + ﬁKk“)] - O, B). (20)

A low-density expansion yields:
Es = p[E + (dmy/m) exp(—my2p) + epimg+ O(exp(—mo/p))]  (21)

where
E,= (8mo/fY) [1 — (B787) (1 — 4] (22)

is precisely the renormalised single soliton energy, as previously obtained for e— 0
(Dashen et al 1975).

The first term of equation (21) is the energy of p free (renormalised) solitons as if
they are isolated from each other, i.e. infinitely separated in space. The next terms in
equation (21) measure the excess energy required to hold solitons with a small but finite
density. This excess energy can be viewed as an effective interaction between solitons,
as a function of their mean separations 1/p. For ¢ = ( the effective interaction is expo-
nential with range 2/my.

In the classical problem the effective interaction is also exponential (proportional to
exp(—myg/p)) but the range is smaller by a factor of 2. When ¢ # 0 the effective interaction
becomes long-range, i.e. decays as 1//. This unusual effect can be traced back to a
reduction in the phase space of the optical phonons from 0 <|g| < A to wl< g <A.
Since D; is determined mainly by the optical branch it is smaller than Dy by a term linear
with 7/l ~ p, which should vanish if the phase space is infinite (A — ). From equations
(12) and (13) this term increases m;, relative to my, as is indeed shown in equation (18).
The energy for p— 0 is dominated by p8m,//#, and when expressed in terms of my it
gives the effective interaction as proportional to £p.
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4, Critical behaviour

The soliton density p is the order parameter of the C-I transition. It is determined by
minimising Es;, — up for a fixed u. Equation (21) shows that the transition occurs at the
renormalised soliton energy p = E,. Bak and Fukuyama (1980) derived an approximate
result for E; and claimed that for sufficiently large £ quantum fluctuations eliminate the
C-1 transition. Equation (29), although valid only for small f, indicates that E; vanishes
for f# = 87 (if ¢ = 0). Coleman (1975) shows that the continuum modelisindeed unstable
for > 8, and it becomes a disordered fluid phase in the lattice model (Amit er a/ 1980,
Pokrovski and Talapov 1979).

Near the c-I transition p ~ In"!(u — E;) (when & = 0) which corresponds to a critical
exponent 8 = 0. This behaviour describes both the classical limit and the lowest-order
quantum correction. As discussed in the Introduction, results for finite 8 give 8= % so
that the point 3 = 0, u = Eis a singular point.

When ¢ # 0 equation (28) yields p ~ u — E;,i.e. 8 = 1. It is interesting to note that
B =1 was obtained already for the classical problem by Pokrovski and Talapov (1980)
when the area is bounded. In view of the singularity at 8 = 0, it seems that 3 = } at the
C-I transition, while not too close to the transition § = 1.

Finally, we consider the density—density correlation function

k(x, 1) = (exp{if[y(x, ) — ¥(0, 0)]}/p),
where p is the order of commensurability (Schultz 1980). Using the § expansion and
(90, 1) = 90, ) = Z21£,(0) ?sin’(beo )0, ——> (k") Int (23)
g - ®

we obtain K(0, £) ~ ¢t "for t— o with
n = BHQ2rk'p?). (24)

Near the -1 transition k' — 0 and 1 — . The condition for the instability of the
commensurate phase towards vortex unbinding and forming a fluid phase is given by
n > 1 (Kosterlitz 1974, Coppersmith er a/ 1981). Thus the fluid phase is formed when u
is close to E; or temperature (~ /) is high.

Schultz (1980) has shown that n = 2/p* at the c-I transition and Coppersmith et al
(1981) concluded that the transition between commensurate and incommensurate
phases is always through the fluid phases if p? < 8. In contrast, the  expansion yields
this situation for any p.

Far from the c-I transition &’ — 1 and n = $%(27p?); this coincides with the result of
Schultz (1980) in this limit. The transition to the fluid is now at 8 = $7p®. For p = 4 this
coincides with the maximal c-I transition temperature at u = 0, suggesting that the
incommensurate fluid line probably extends to zero temperature only for smaller values
ofp.

In conclusion, the expansion fails at the c-I transition reflecting a singularity at 8 =
0; it becomes reliable not too close to the c-I transition. We hope that further work will
extend our results.

The result for the soliton lattice energy shows the equivalence of the adiabatic
fermion—phonon system to the lowest quantum correction of the sine~Gordon system.
Excluding the 1/f term in equation (20) and the first two terms in the square bracket
(which come from the acoustic branch) and multiplying by —2 we obtain precisely the
result of the spin # fermion problem, including the & terms (Horovitz 1981). The self-
consistency equation of the fermion problem is analogous to equation (5); however
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there is no analogy to the f§ expansion. Therefore the procedure and details of the two
problems are different and only the final result, e.g. equation (20), shows the
equivalence.
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Appendix

We summarise here the eigenfunctions and eigenvalues of equation (8) with y given by
equation (14). The elliptic functions and integrals used below can be found in the book
by Whittaker and Watson (1962).

The acoustic branch of the eigenvalues corresponds to 0 < |g| < a/l and is given by

m k'
w0, = ——sn(x, k) (A1)

where k> =1 — k* and
q = (mi/k) [E(x, k') = x(1 — E(k)/K(k))] (A.2)
so that 0 < y < K(k'). The normalised eigenfunctions are
,  Ldn*(muxik, k) — k'*sn*(y, k')
‘fq(x); =7 2 ~ .
L dn“€y, k') — 1 + E(k)/K(k)

The optic branch corresponds to 71/l < |g| < A (in an extended zone notation) with
dispersion

(A.3)

_mydn(y, k')
7 ken(y, k') (A-4)
where
my E(k)) dn(X7 k’) SI'I(X, k’)
—mll==Hx[1-=22) — E(yr k) + .
a1 ="P{o{1-Tg) - By + HELIZEE) - (as)
and 0 < y < K(k') — €. The cutoff A on g determines ¢ by:
m E(k) 1+ krz) ” 4 4 5
= — + —— . —_— — + k' .
A k8[1 E(K(k) S (1- K2+ k' 6745 + O(e )] (A.6)
The normalised eigenfunctions of the optic branch are
1 dn®(y, k') — cn(x, k') dn*(mx/k, k)
2 - — 3 ) 1 3
= L g, k) = ene, ) EGOIK (R (A7

Note that y(x) ~dn(mx/k, k) so that from equations (A.3) and (A.7) (¢*(x)) =
2, |f,(x) 72w, can be written in the form D, + D;y*(x) as asserted in § 2. Note also that
D, is infrared divergent since w, — 0 for g — 0. The space-independent part of (A.3)
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cancels 1/w, so that D is infrared convergent. The total energy involves 2w, which is
infrared convergent; thus the renormalisation should not involve Dy, as is indeed found
in equation (12).
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