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Recent soliton solutions in a charge-density-wave condensate in both the incommensurate and the commensurate
half-filled band are considered. Neutral solitons exist in both cases while the charged soliton exists only in the
commensurate case. Inclusion of exchange Coulomb interaction leads to a complex order parameter and then the

charged solitons become phase solitons.

Takayama, Lin-Liu, and Maki (TLM)! have re-
cently found a remarkable analytic solution for
solitons in a condensed charge-density-wave sys-
tem. Their model is a continuum version of the
theory of solitons in polyacetylene studied by Su,
Schrieffer, and Heeger (SSH).2

TLM applied their solution to a neutral soliton
in an incommensurate system. Here we extend
their result by considering the following: (a) ef-
fects of commensurability when the electron band
is half-filled; (b) the possibility of charged soli-
tons; (c) effects of Coulomb exchange interaction.
We find that the TLM solution does not describe
charged solitons in an incommensurate system,
but it does describe both neutral and charged soli-
tons in the commensurate system. When Coulomb
exchange interaction is included in a Hartree-Fock
scheme, the TLM solution is still valid for neu-
tral solitons. However, charged solitons in the
commensurate system are described by a com-
plex order parameter and correspond to phase
solitons.

The SSH model Hamiltonian of a one-dimension-
al electron-phonon system is written as

JC =Z tml,ncrt-l,scn,s + H'C‘
n,s

$3K D (D =92 +5M D52 (1)
n n
with
tml'"=—t0—a(ym_1—-y"), (2)

where C,T,s creates an electron of spin s on the
nth site and y, is the ion displacement. The trans-
fer integral ?,,, , is modulated by the electron-
phonon coupling @, while M and K are the ion mass
and force constant, respectively.

The continuum limit is obtained by decomposing
the electron field in the form

C,,s=Um)e™rm — iy (n)e *rne, (3)

where a is the lattice constant and k5 the Fermi

22

wave vector. The relevant electronic states are
those near the Fermi level and therefore the fields
ul), vn) are slowly varying and considered in-
dependent. This approximation leads to the Lut-
tinger model and to most other models on one-
dimensional electron system.®

The phonon field is also decomposed as

v, =‘—1-{;7[AT(n)ez'.kF"“+A(n)e‘ZikF"a] (4)
with A(z) again a slowly varying field and o’ =
a sinkga.

The Hamiltonian (1) can now be written in terms
of the slowly varying fields and a continuum nota-
tion x =na is used. We use a parameter 7 which
has two values: 7=1 for a commensurate system
kp=7/2a and n=0 for an incommensurate one,
i.e., kp is far from 7/2a and terms involving
exp(4ikpa) are rapidly oscillating and neglected.
Terms involving exp(2ikzna) are neglected in both
cases.

Define a dimensionless electron-phonon coupling

r=4a2a/(mvsK), (5)

where vy =2¢,a and the Hamiltonian becomes

= J' dx[_wF<uj(x)§;us(x)_vjoc)aixys@c))'
AT ) +na)ul @, v)
+[A(x)+nﬂ<x)]vj<x>us<x>]

+ @ATvp)t J. ad2atw)al) +na2() +natae)) .
(6)

The field A(x) is time independent, which is a
mean-field Hartree approximation.

The equations of motion for u(x) and v(x) yield
single-particle wave functions which satisfy
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Civp oty )+ AT @, ) =€ 10, ),

(M

.9 ~
Wp gy Vn,s O0) + A, () = €0, 5 () -

The off-diagonal element in the electron wave
equation is defined as the order parameter

Alw)=ak)+nate), @)

which is explicitly related to the ion displacement.
The variation of 3¢ with respect to A(x) gives the
self-consistency equation

A(x) = —MTvF[Z uX h, )

n,s

| +1 Z Urts(x)un,s(x)] s ‘ 9)

n,S

where the summation is on occupied states.

When A(x) is slowly varying Eqgs. (7) and (9)
can be solved by a Green’s function method.* In a
spinor representation («,v) Eq. (7) defines a
Green’s function by

.9, 3 ~ ~
[za—t+vao33; —ReA(x)o, - ImA(x)oz]G(xt,xrt,)

=§(x —x')ﬁ(t—t’), (10)

where 0; are Pauli matrices. Equation (9) reduces
to

Al) =sixmo, Tr{lo,(1 +m) +io,(1 - )] G(xt,x)}. (11)

This equation is precisely the self-mass equation
in the Hartree approximation.®* The problem can
now be solved by a derivative expansion of the
Green’s function. This expansion assumes
vp9A/8x < A? and clearly breaks down if A(x) van-
ishes at some point in space.

Let us first consider the incommensurate case
n=0. TLM show that the ground state has A=4,,
where

Ai_—:We"/‘, (12)

and W is the bandwidth. The soliton solution,
found by TLM, is

A(x)=A;tanh(Ax /vy). (13)

The electron system has one bound state (two
spin states) with energy €,=0 and eigenfunction

ivb(x) =ub(x) = (Ai/4vF)1/2 Sech(A,.x/vF) . (14)

In addition, there are extended states with ener-
gies outside the gap +A;. Equation (9) is satisfied
by (11) if the soliton is neutral, i.e., the occupan-
cy v, of the bound level is v, =1 while both spin
states of the levels below the gap are occupied.
Since u,(x)v,(x) is imaginary, when v, =1 it is

cancelled by the extended states so that A(x) in
Eq. (9) is real. For a charged soliton v,=0,2 and
this cancellation is not complete, suggesting that
the solution for A(x) is complex.

When A(x) is complex and does not pass through
the point A=0 one may consider the derivative
expansion method. The excess charge is given
by*

dp=ed’(x)/m, (15)

where A= |A|exp(i¢). For the incommensurate
system (and no interchain coupling) f ¢ 72(x)dx
must be minimized. The charge +e would then
correspond to ¢ (x) =mx/L where L is the length
of the system. This has the effect of redefining
the Fermi level.

Consider next the 7=1 case. The umklapp
terms, i.e., those which multiply 1, describe in-
teractions which are important only in the com-
mensurate phase. In the incommensurate phase
AT(x) scatters a -k, electron into a +&, electron,
while in the commensurate phase it can also scat-
ter a +kp electron into a +3%; electron which is
the same as a -k electron.

The crucial effect of the umklapp term in Eq.
(9) is that all imaginary terms cancel. Thus for
the potential (13) the contributions of the bound
state (14) in Eq. (9) is canceled for any occupation
of the bound state. The only contribution to Eq.
(9) is then the real part of the sum with the ex-
tended states, and the TLM solution is valid for
all the occupations of the bound state v,=0,1, 2.
The only change is the replacement A~ 2Xx so that
the ground state has A=A_ with

A =Wet/2 (16)

and the soliton solution (13) and (14) is valid with
A, replacing 4;. Thus for the half-filled band
case the TLM solution is valid (except for a re-
definition of the coupling) for both the neutral
and charged solitons. This is in agreement with
the SSH results.

Let us now consider the effects of adding a Cou-
lomb interaction between electrons, in the Har-
tree- Fock approximation.

Koo =g, Vin —n)CfC,ClC,. L)

We assume that the potential has a long range 7,
with a < ¥y <<v,/A,. Substituting Eq. (3) in (17)
we obtain the following type of terms: (a) terms
with only u electrons or only v electrons—these
can renormalize v, but do not affect the off-dia-
gonal potential and we neglect them; (b) terms
with three u electrons and one v electron or vice
versa—these terms involve a phase factor
exp(+2ik na) with fast oscillations and can be neg-



lected; (c) scattering of u —~v and v~ u—this in-
volves the 2k, component of the interaction, ie.,
a phase factor of expl+2ik,(n —n’)a]; since the
interaction is long range this term is also neg-
lected; (d) scattering of two u electrons into v
states or vice versa—this umklapp process in-
volves a phase factor of exp[+2ik,( +n’)a] and is
also neglected; and (e) scattering with small mo-
mentum transfer, which is the only terms that we
keep:

]
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3Coou =2YTVR Z fdxuf (g (x) v:, (x)vgr(x);

Sys’

(18)
since the fields u(x), v(x) are varying slowly on
the scale of 7, we assumed a local interaction in
(18).

The final assumption is that the system is charge
neutral on the scale of the coherence length v./A
so that the direct Coulomb interaction in (18) is
canceled while the exchange decoupling gives

30w = =~2YT0g ) f axlu] 6oy o) g () + 0] (x)us(x)<uj (g )] . (19)

The total Hamiltonian of Eq. (19) and Eq. (6) leads to Eq. (7) except that now the order parameter

A(x) - A, (x) is given by

&s(x) = AW) +nAT ) - 2y70, Zu;'s(x)vms(x)

= -Mer[Z wk @, &)+ v,’,*,s(x)ums(x)] - 2ymvp ) uk v, (). | (20)

nyS ny S

The ground state is symmetric with respect to the
spin, and for n=0, or n=1,

Ai=We"/(7‘”) (TI=0), (21)
Ac=We-1/(2X+7) (TI=1). . (22)

The neutral soliton solution (13) is valid pro-
vided that one of the spin states (#++)/V2 is oc-
cupied. Then A(x) is independent of s and (13) is
valid with A; for n=0 and A, replacing A, for n=1.

However, the charged soliton is not given by the
solution (13) even for n=1. The last term of (20)
generates an additional imaginary part when
v, =0, 2 which is not canceled by an umklapp term.
Note that for an on-site interaction V{z —n’)~
8(n —n’) the umklapp process [term of type (d)]
must be retained and will keep the order param-
eter real. However, if the interaction is long
range the umklapp term does not compensate the
direct scattering and the order parameter becomes
complex.

Since the singular point A =0 can be avoided one
can try the derivative-expansion method. This
indeed has been done® and has led to an effective
phase-amplitude Hamiltonian which has phase
solitons.®® A phase soliton has charge e and
spin 0, i.e., it is the charged SSH soliton when
the interaction (19) is added.

The phase soliton width increases with ¥ so that
the derivative expansion is justified for y > .
However, even for 8=21/[v(2Xx+7)] =1.5 the total
soliton width is ® ~4v,/A, and the multisoliton
solutions have even smaller derivatives.

I

Perturbation expansion around the solution (13)
for small y yields also a complex A(x) with
ImA(x)~y sech®(v,/A.). Therefore the solution
does not pass through A=0, probably for all ¥,
i.e., it is a phase soliton.

The solutions of the phase-amplitude Hamilton-
ian®® show that for 8>1.48 phase solitons attract
each other. In this case a system with finite dens-
ity of phase solitons will separate into two phases:
one phase with a high density of charged solitons,
and a second commensurate phase with no solitons.

These results are consistent with experiments
on doped polyacetylene. Here we assume that the
dopant ions are sufficiently mobile and stay near
the charged solitons, so that the system is charge
neutral on the scale of the coherence length. The
phase with the solitons is conducting while the rest
of the polymer is insulating. Thus the system is
described as metallic particles embedded in an
insulating medium. This is consistent with infra-
red data’ and with the temperature dependence
of the conductivity.®
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