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INSTABiLITIES OFELECTRON SYSTEMSWITH NESTINGFERMI SURFACES
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A doubleNambuformalismis developedwhich candealin a straight-
forwardmannerwith all possibleinstabilitiesof a singlebandwith nesting
Fermisurfaces.Besidestheusualdensitywavesandsuperconductivity,also
strongcouplingphenomenaare considered,suchasferromagnetism,
Martensiticinstability,and thesomewhatbizarrestateof localizedCooper
pairs.The systemis solved in themeanfield approximationwhichis valid
whenthe Fermi surfacesare not tooflat.

THE VARIOUS INSTABILITIES of anelectronsystem + ~g1~ ~CL+QI2OCP4_Q/2OC2_Q/2O’CP3+Q/ZG

with nestingFermisurfaces(FS)havebeeninvestigated
by many authors.In particularthe one dimensionalsys- + H.C.
tern,which correspondto parallelflat FS hasbeen
recentlyinvestigated. I. I ‘ç’c~+ ç~ ~-,+ ,ç~2g2 L..’—p1+Q/2q p4+Q/2a’-’p2-Q/2a ‘—p3-Q/2o

It is advantageousto presenta methodwhich can
dealwith all the instabilitieson thesamefootingand + H C
representthemin a straightforwardmanner.This is ac-
complishedby usingadoubleNarnburepresentationin
the BCSspace’and in thePeierlsspace.

2Thevarious + ~g
3~~Cp,+Q/2oCp4_Q/2aC;2+Q/2(7’Cp3_Q/2(y’

elementsin the4 x 4 matrix of theGreen’sfunction
representthepossibleinstabilities. + H.C.

I solvethe systemin the meanfield (MF) approxi-
mationwhich is yalid whenthe systemis nottoo onedi- + ~g4~
mensional.In particularI havein mindalinear chain
systemwith aninterchaincoupling ~, leadingto anelec- + (Q/2 -÷— Q/2) . (3)
tron dispersionof the form I

Summationsincludespins(a, a’ = t or ~)andare re-

= e(pz) — flTF (cosap~+ cosapy). (1) strictedby Ip,t <Q/2 andPi + P2 = p3 + p~.The coupi-

Dueto electron—holesymmetry~(PF + ~PF) = ingsg2 , g4 representsmallmomentumtransferscattering,
— e(pF — öPF) (e1, is measuredfrom the Fermilevel) ~i describesthe largemomentum(-~Q) transfer,while
the conditionfor nestingFS is obtained g3 is dueto umklappprocesses.

4
In theusualNambuformalismof superconduc-

Cp+Q/

2 = — (2) tivity
1 thevectorfield ~,1i= (Ct, C_~~)is introduced.

In orderto accountfor the specialcorrelationbetween
with Q = (it/a, it/a, 2PF). I use Ip~I<PF sothat the thetwo sidesof theFS,the Nambuformalismin the
phasespaceconsistsof — 2PF <Pz <2PF. The con- Peierlsphaseis superimposed,
dition(2) isindependentof i~,sothatdensitywave insta- + — (,+ 7+ —

- . . . 3 — ~Wp+Q/2, ‘~‘p-QI2 —

bihtiesare possiblefor large~1wheretheMF is valid.
In whatfollows onedimensionalnotationwill be (~+Q,2t, C_p~Q/2~, Cp4_Q/2t,C_p+Q,

2~) (4)
usedandQ =

2PF, howeverinterchaincouplingis andi,Ii~is thehermitianconjugatedcolumnvector.
readilyintroducedby (1). Thecondition(2)will bethe The 4 x 4 spaceis a directproductof thesupercon-
only restrictionon theelectrondispersion. ducting2 x 2 spacewith a

1 asthePauli matrices,andthe
The Hamiltonianof the systemis Peierls2 x 2 spacewith r1 asthe Paulimatrices,andpro-

ductsappearin this order.
H = ‘c-’ ~ (C~ c ~-~+ ,, The Hanijitonjancannow betransformedinto the~ p+Q/~. p+Q/2a p+Q/2a p-Q/2c~’-~p-Q/2aJ

p.a following form
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Table’: Notationandpossibletypesofphases.Thecoefficientsof thelistedmatricesin theexpansionof ~
[Equation (6)] aretheorderparametersof thecorrespondingphases.DirectandExchangerefer to thetwo contri-

butionsin Fig. 1. The equationof stateis within themeanfield approximationassumingg
2 — g4

Notation Type of phase Matrix Direct Exchange Equationof state

S Superconductivity singlet oil, 021 —g1 —g2 1 = ( g~ g2)F1(4~)
T Superconductivity—triplet a1r3, u2r3 g1 g2 1 — (gi g2)F1(~~)
P Peierls CDW a3r1 or a3r2 2g1 + 2g~ g2 ±g3 1 —( 2g1 +g2 + Ig3I)Fit4~)
AF Antiferromagnetism—SDW IT1 or 1r2 g2 ~g3 1 = (g2 + g3~)F1~4~~)
F Ferromagnetism 11 g1 + g4 1 = (g~+ g2)F2(41.)
M Interbandelectronshift 031 — 2g2 2g4 g1 + g4 1 — (— 3g2 + g!)F2(~M)

L LocalizedCooperpairs U1T1~02r1 g4 +g3 I = ( g2 + g3I)F2(~L)or a1r2, a2r2

H = ~ Ep+Q/2lPp03T3~p dependalso on the signsof the variousmomenta.This

mayleadto a spurioussolutiononly in this casewhere
+ ~~Zi +g3) ~ 03T11,1ipiI1p~03T1’,L’p3 time reversalis violated.)

Thecoefficientof 031 representsa shift in the
+ ~ g3) ~ Li~a3r2 Ii~4i,1i~a3r2i/i~3 energyof thewhole band.Thusif anotherbandis avail-

ablean interbandshift of electronsis possible.This is
+ ~(g2+g4) ~ i1i~,031 i/1p41J1p203l I~1i~3 essentiallythe Labe Friedel Barisic model

5 explaining
the martensitictransformationin the Al 5 compounds.

+ 4(g
4 g2) ~ ~i 1r3’.i1, ~i lr3i,L’~. (5) Thesecompoundshavethreeorthogonalfamilies of

- linear chains,~so that electrontransferfrom one chain
The Green’sfunction in theMatzubaraformalism to theothers,will induce a cubic to tetragonaltrans-
[w~ = irT(2n + 1)] is a4 x 4 matrix, formation.

-1 . Let usnextexaminetheratherunusualphaserepre-
G (iw~,ri) = iw~11 — Cp+Q/2

03T3 — ~ P) sentedby a~r
1, which I label asL,

(6)
G~(iw~,p)— iw~ll Ep+Q/2

03T3 ~LU1Ti.
where~ canbeexpandedin the 16 basicmatrices.The
variousinstabilitiesof the systemcorrespondto differ- The diagonalizingmatrix is U = (11 + i0

1r2)/\/2,
entcoefficients~ of this expansion,as shownin Table
1. UG

1(iw~,p)U1— iw~1l Ep+Q/
2

03T3 ~LlT3

The chargedensitywave (CDW) and the spinden-
sity wave(SDW)correspondto the singletand triplet Thusthephaseis of thetype Il-shift in the relative
electron—holepairs,while the superconductingphases energies.The productU~1i~gives theeigenstates
correspondto singletandtriplet electron—electronpairs. (Cp÷Q,

2r±C~P+Q/2j3/V’2with.energies�p÷Q/2±

DiagonalizingtherelevantGreen’sfunctionsgives the This is similar to theBCS type eigenstates,exceptthat
excitationspectrum±~Je

2+ ~2 which hasa gap,and the combinationhasalwaysequalweights for an elec-
thusdenotedas type I instabilities.All the following tron anda hole.Thus all the momentumspace Q <p
phasesdo nothavea gapin the quasiparticlespectrum, <Q is uniform halffilled andhalfemptywhich means
butleadto arelative shift of the Fermilevel between localizedelectronpairs.Thesepairshavemomentum±Q

variousstatesandare denotedas typeII instabilities, so that this phaseis a superpositionof a CDW and
The coefficientof o

3r3 representsnormal metalrenorm- Cooperpair correlation.Thisphasehasbeennotedwith-
alizationandshouldnot describeanyinstability. The 11 in theHubbardmodel,

7 but it is not clearwhetherit is
matrix representsa relativeshift of energiesbetweenthe superconducting.
1’ and~spinsandcorrespondsto Ferromagnetism.The ReplacingUj by 02 or r

1 by r2 changesthe phaseof
1r3 representsan energyshift betweenthep > 0 and thewave functionandso doesnot changethe natureof
p <0 stateswhich impliesshift of electronsto thep > 0 theinstability.Thus theclassificationof Table 1 is corn-
orp <0 states.Since theinteractionsdependonly on pleted.
themomentumtransfer,thepotentialenergywould not The nextstepis to obtainthe variousequationsof
change,while thekinetic energyincreasesandthis phase statein theMF approximation,asillustratedin Fig. I.
cannotbe stable.(In thepresentformalisma difference Oneshouldsumthe variousmatricesF, in (5). The direct
amongthecouplingsin (3) implies that the interaction termgives
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g,N(O)

a M I/F ~

Fig. 1. Meanfield diagramsfor calculatingE in equation / /

(6). (a) Directterm.(b) Exchangeterm. ~// 0 \~g,N(O)

/5/

~ J ~Tr [G(iw~,p)F1] +... M

~ (2ir) ~

while the exchangetermhasan oppositesign andno
trace.Equatingthecoefficientsof thevariousmatrices i/
leadsto theequationsof statein Table1. Thefunctions I
F1(i~),F2(i~)characterizethe instabilitiesof typeI and f
II respectively: /

F1(~)= J deN(e)tanh(~:~ / g,N(O) 4+~(O)

= $ de/’/(e)n(e— ~) — n(e + Fig. 2. Phasediagramusingnotationsandequationsof
8i~ statefrom Table 1. Full linesarephaseboundaries,while

dashedlineslimit thephasesfurther from the origin ac-
N(0) is the free electrondensityof statesfor bothspins cordingto equation(8). (1g3 N(0) = 1 is assumedarbi-
andn(e)= [e + 1] . An essentialdifferencebe- trarily).
tweenthe two typesof instabilitiesis thatF1(~)diverges
as ~, T—~0 while F2(~)staysfinite. Thustype I insta- It is quitesurprisinghow closeare the resultsfor
bilities existfor any coupling,while type II require type I phaseswith thoseobtainedusingmoresophisti-
ratherlargecouplings.A necessaryconditionfor a solu- catedmethodsfor the strictly onedimensionalproblem.
tion to 1 = ge0F2(~)is Figure 2 is consistentwith exactresultsfor the

Tomonagamodel
9 (Si = g

3 = 0), for the Luther and
geffN(O)>4. (8) 10 . 1 —

Emery case (on the line 4g1N(0)— — 3/5) andthe
The Umklapp couplingg3hasan interestingeffect. The Hubbardmodelsolutions

11(g~=g
2 =g3 =g4). Figure

replacementr1 ~—~r2changesthesign of g3 sothat the 2 (for type I phases)is also very similar to resultsob-
possibilitywith 1g31 dominates,and thephaseof the tamedusingrenormalizationgroup techniques.

1214

densitywaveis determined.Nowg
3 ~ 0 meansthat Q The only differenceis thepossiblecoexistenceof two

is commensuratewith the lattice spacingso that comm- phasesin variousregionsof Fig. 2. Howeverthese
ensurabilityleadsto pinningof thedensitywave,which works12~4 also differ betweenthemselvesin this
is a well known effect.

8 respect.
Finally, thephasediagramof Fig. 2 is obtained. A possibly importantcorrectionto MF is dueto

Sinceusuallyinteractionsdependonly on themomen- screeningeffects.This wasrecentlystudied,including
turn transferI assumeg

2 — g4. The type I phasesex- phononretardationeffectsfor theP Scoexistenceline.
dudeeachother(excepton the coexistencelinesg1 = It turnsout that this line crossesg2 — 0 at someg1 <0
2g2 + Ig3~andg1 = 0) sincethey obeythe same (forg3 = 0). This is due to the fact that thecontribution
equation1 — geffF1(~)with differentcouplings.The of g1 to thePphasecomesfrom thedirect termwhile
comparisonbetweentype I andII phasesdependssensi- theSphaseis drivenby theexchangeterm.Now only
tively on the form of N(e), especiallythroughF2(z~). theexchangetermneedsscreeningsinceby iterating the
Thus thedashedlines in Fig. 2 describethenecessary directterm it is seenthat screeningis alreadyincluded.
conditionequation(8) and typeII phasesmay occur Thusscreeningwould enhanceonly theg1 term of the
beyondtheselines. The dashedlines do not limit the Sphase,leadingto superconductivityfor small couplings
type I phasesand the two typesmay coexist.Thusin g1 <0, evenfor g2 = 0.
the A15 compoundssomewhatbelowthe Martensitic .

Acknowledgements I thankmostvaluablediscussions
transitionsuperconductivityappears.Also one should with S. Alexander,andusefulsuggestionsfrom T. Maniv
note that theM phaseis notalwaysfeasible. andM. Weger.
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