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Quantumfluctuationsin finite size Josephsonjunctions
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An effectiveJosephsoncouplingenergyfor aone-dimensionalJosephsonjunctionis renormalizeddueto quantumfluctuations
of thephasedifference.In alongjunction atT-.0aKosterlitz—Thoulessphasetransitiontakesplace.Thestatewith alogarithm-
ically divergentphase—phasecorrelationfunctionshowsa nontrivial combinationof phasedisorderon a junctionsurfacewith
phaseorderin thebulk. For finitesizejunctionstherenormalizedvalueoftheJosephsoncoupling energyturnsout to bestrongly
suppressedfor small Josephson-to-chargingenergyratio.Theimplicationsof thiseffect for Bloch oscillationsarediscussed.

Theprediction [1] of the effect of Bloch oscilla- pacitanceCci.: Sshouldbe small enoughto allow for
tionsin ultrasmallsuperconductingtunneljunctions an experimentallyaccessibletemperatureinterval.
inducedsubstantialtheoreticalandexperimentalac- Typical experimental parametersfor “quantum”
tivity in the field (seee.g. refs. [2,3] for a review). Josephsonjunctions are S—S l0~—l0’°cm and
Recentlyreliableexperimentalevidenceof this ef- C—i 10— ‘~—l0 16 F. Thenif we assumethejunction
fectwasreported[4—6].Mostof theseexperimental size in thex-directionL~to be of the orderof that
resultsturn outtobein goodquantitativeagreement in they-directionL~(x andy arecoordinatesin the
with the theory [7,8]. junctionplane)wecanestimateL~—~L~-.-’l0~cm.

Theusualstartingpoint for theoreticalinvestiga- Thesevaluesare of the order of (or evensmaller
tionsof quantumdynamicsof a Josephsonjunction than) the London magneticpenetrationdepthA for
is the Hamiltonian [1—31 bulk superconductors.On the otherhandthetypical

2 variationscalefor the phasedifferencein thejunc-
H=Q /2C—E~cos~ tion planeis largerthanA [9]. Thusfor two-dimen-
whereQ and~ are respectivelythejunctioncharge sional (2D) small capacitanceJosephsonjunctions
andthephasedifferenceoperators,C isthejunction with L~ L~spacefluctuationsof the phasediffer-
capacitanceandE~is theJosephsoncouplingenergy. encealong thejunctionare not importantandthe
This Hamiltonian is written underthe assumption Hamiltonian(1) isjustifiedwith sufficientaccuracy.
that the junctioncrosssectionareaS is very small, In addition to 2D junctions modern nanolitho-
sothatthephasedifference~,is independentof space graphictechniqueallows one to fabricate 1 D small
coordinatesin thejunctionplane. This is indeeda capacitancetunneljunctionsin whichcaseonemight
naturalassumption:the effect of Bloch oscillations haveL~>> L5. For thesejunctionsthe parameterL~
canbe observedonly providedthe condition T<< canbeverysmall (e.g.L~ 10—

6cm)while L~isrel-
E~= e2/2C is fulfilled. Thereforethe junction ca- ativelylarge,L~ 1 0~cm.Belowweshallshowthat
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in thiscasethedescriptionof quantumeffectswithin group (RG) technique.Startingfrom the shortest
theframeworkof thepointcontactHamiltonian(1) length scaleA0 of ourproblem(which will bedefined
is not sufficient in generalandonehasto takespace below) we successivelyintegrateout fluctuationsof
fluctuationsofthephaseinto account.Spaceand time (~(x, z) with wavelengthsbetweena anda+da mak-
fluctuationsof~renormalizetheJosephsoncoupling ing the scalea larger and larger. This procedurere-
energyE~andin the limit of largeL~andlow T lead sultsin arenormalizationof theinitial parametersof
to the Kosterlitz—Thouless(KT) phasetransition our problem.For not very large E~(suchthat y=
betweenspace—timeorderedandspace—timedisor- A~E~/w~L~A~~ I) we arrive at the RG equations
deredphasestates.Weshalldiscussthephysicalcon- [121
sequencesofthis effectandcompareour resultswith -

dy dathose of previousconsiderations[10,111. —2(1 —k) (5a)
V a

Let us considera 1D Josephsonjunctionand ex-
pressits grandpartition function in terms of a path da

d.:~=—2y
292X3——, (5b)

integral, a

z~JD~exp(_s[~~]), (2) where we defined~ andy is a nu-
merical coefficient of order onewhich dependson

where the choice of the cutoff procedure.An infinite 2D
iir L~ system(L~—~x,T—~0)showsa KT phasetransition

S[9~]= J dTJ~[(l/16Ec)(a~2/ot)2 which takesplace at~=x~=1/(l—y)~).Below we
0 0 x shall assume5~to bemuchsmallerthanoneanddrop

the term yV in the expressionfor x~.Then for .t~>1
+~A~E,(aç~/ox)2+E

3(l—cos v’)] (3) the quantity~ (andthusE~)scalesout to zero with

is the junctioneffectiveaction [3], ,~ is the pene- increasinga. It meansthat for EJ/EC<L~/8ic
2A~and

trationdepthof the magneticfield into thejunction T—~Oquantumfluctuationsof the phase~ in a long
(Josephsonpenetrationdepth).Thetime deriyative 1 D Josephsonjunction destroythe effectof Cooper
term in (3) describesa local chargingenergy with pair tunneling and thereforetwo superconducting
the correspondinglocal capacitancedefinedon the electrodesbecomeeffectively decoupledfrom each
scaleof the Debyelength AD which is usuallymuch other. On theotherhand,forx< I (or, equivalently,
smallerthanany otherscaleof our problem. Then for EJ/EC > L~/8ir2A~)thequantityE~scalesto a fi-
eq. (3) representsa summationof these capaci- nitevalueandthesuperconductorsremaincorrelated.
tancesin parallelsothat E~decreaseswith L~,E~~ The existenceof a disorderedphasestateof a 1 D
1 /L~.In contrasttheparameterE~ccL~increaseswith Josephsonjunction hasan interestingphysical con-
thejunctionsize L~. sequence.Indeed for .~> 1 the phase—phasecorrela-

It is convenientfor us to rescalethetime coordi- tion functiondivergeslogarithmicallyin space—time,
nateasz=Ajw~t,w~=~J8E~E~,andrewrite the ac- <~(o,O)~v,z) > xln[(x2+z2)/A~] (6)
tion (3) asfollows,

L L i.e. quantumfluctuationsdestroylongrangeorderin

S[
9’] = J dv (dz eithertimeor spacedirectionsor in both. As to the

J L~ spacedisorderit meansthat the phaseof each su-
0

perconductoris disorderednearthe junctionplane
x{~A~[(ô~,/8x)

2+(ôç~/ôz)2J+1 —cos~,} (4) while it obviously remainsorderedin the bulk. In
otherwords,long rangephaseorderin the bulk does

L~=A~w~/Tis the “size” of our system in the z- not prevent phasedisorder on a surface.This non-
direction.Equation(4) definesaneffective2D sine- trivial situationis dueto quantumfluctuationsof the
Gordonmodel (seee.g. ref. [121 for a review). The supercurrentcomponent normal to the junction
effect of quantumfluctuationsof ~ can be treated plane.This componentsurvivesonly in thevicinity
within theframeworkof a standardrenormalization of this planeandvanishesat a distanceof the order
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of the screeninglength A outsidethis plane. Then for the frequencyrangew= 1 /r~<A~w~/L~we arrive
fluctuationsat thejunctiondecouplefrom thosein at the effectivepoint junction problemwith the re-
thebulk andleadto acoexistenceof surfacedisorder normalizedJosephsoncoupling energyEJ,
withthe orderedstateinsidethe superconductor.We r
canaddthat for an isolatedsuperconductorthe ab- S[~]= J dz [(l/l6E~)(ôp/ôt)2+EJ(l—cos~,)]
senceof the currentcomponentnormal to thejunc- 7
tion planeresultsin a constraintwhich preventsany
surfacefluctuationsof the phase. The effectof thechargingenergyrenormalizationis

Notethatsimilarresultswereobtainedfor 2D Jo- small for )7 << 1 andwe shall neglectit hereandbe-
sephsonjunctions [9] and layeredsuperconductors low. To evaluatethe parameterEJ weproceedwith
[13]. In those cases,however,a disorderedphase theRG equations(5). ForX> 1 we startrenormal-
stateona junctionsurfaceis dueto classicalthermal ization at a -~2~andstop it at a L~.Making useof
fluctuationsof the Josephsoncurrent. For 2D Jo- (5) we get for E~/E~<L~/8it2A~
sephsonjunctionsthermalfluctuationsof thephase E~—E (A IL )~ 8
difference~,also leadto a suppressionof E~andto — ~ 0

a KT phasetransitionbetweenordered(T< T~)and For E~/E~> L~/8~t2A~(X< 1) the parameterjY in-
disordered(T> T~)phasestates [9]. creaseswith increasingthelengthscalea.In thiscase

In contrastto superconductorsthe correlationbe- renormalizationshouldbestoppedeitheratL~or at
tweentwo bulk magnets(describede.g. by the XY thecorrelationlength of our problemdependingon
model) weaklycoupledthroughsomesurfacewill be whichscaleissmaller.Herewedefinethecorrelation
enforcedby the longrangeorderin the bulk. In this length or, equivalently,therenormalizedJosephson
casethereis no screeninglength analogousto the penetrationlength AJ as a scaleat which the condi-
London length A for superconductorsand fluctua- tion j7~.1 issatisfied.Thencombiningthiscondition
tions on a surfacecannotbe decoupledfrom those with (5) andchoosingthenumericalfactortomatch
in thebulk. AJ with the conventionalJosephsonlength A~in the

Apart from the obvious similarity betweenthe limit ~ we get
problemofref. [9] andthatdiscussedhere,thereare Ar_A (A /A ‘~“‘—~ .:~<l 9
severalsignificantphysicaldifferencesbetweenthem. — ~ J 0/

Perhapsthe most importantone is thatcontraryto For L~<AJ the correlation length AJ (9) is irrele-
the caseof ref. [9] the quantumproblem (2 ) —(4) vantandas in the caseX> 1 oneshouldstoprenor-
is essentiallyanisotropicwith respectto spaceand malizationat a L~thusreproducingthe result (8)
time coordinates.E.g. the “spacevolume” L~is in alsofor .~< 1. On theotherhandforL~> AJ westop
generalby no meanslinkedto the“time volume”L~. renormalizationat a AJ andfind for x< 1
Thereforedependingon therelationbetweenL~and r 11 I 2X/ (1—1)

E~=E~~
0i2~) . (10)L~onemight expectthe existenceof a crossoverbe-

tweenthe effective 2D and 1 D behavioursof our In thiscasethe renormalizedeffectiveactionhasthe
model.This effect will be consideredbelow, form

As to themacroscopicquantumeffectsin smallca- S[~]= J ~ [(1 / 1 6Ev)(~p/3x)
2

pacitancetunneljunctions [1—8]theexperimentally
relevant limiting case is L~>>L~or, equivalently, ~ (11)
T’cz<A~w~/L~.Indeedthe temperatureis usuallyex-
pectedto be sufficiently low (typically T—~10 —2_ Both results(8) and(10) showthathighfrequency
10—’ K) andthereforefor typicaljunctionsonecan quantumfluctuationsof ~, in a 1 D Josephsonjunc-
estimate the corresponding “time length” as tion with L~>A

0 decreasethe effective Josephson
L~>~10’ cmwhich turnsoutto bemuchlargerthan couplingenergyEJ in comparisonto thatof a point
L~ 10—i cm.As a resultfluctuationsof thephase~ junction. This effectis particularlypronouncedfor
areeffectivelytwo-dimensionalonlywithin thescale x>> 1. In thecasedescribedby eqs. (7), (8) at low
intervalA0< a < L~,while fora>L~or, equivalently, frequenciesw~ A~w~/L~the junction behavesas a
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point one with the corresponding effective [3,9,141 onecanwrite the correspondingmodified
Hamiltonian effectiveaction~ as

H=~
2/2C—EJcos~, (12) ~[~]=S[~]— JdTI~(T)/2e+SD[~]~ (14)

This in turn meansthat the effectivebandstructure whereS[ t’p] was definedin (3), ç~( t) isthespaceav-
of the problemis sensitiveto thejunctionsize being erageof the junction phase
renormalizedin accordancewith EJ (8). Therefore

I-
a correspondingmodificationofthetheory [1—3,7,8] 1 j d~~(X.T) (15)
is needed for the case of finite size Josephson ~
junctions. 0

To estimatethetypical valueof theratio EJ/E~let and SD[ç~] is a dissipativecontributionfrom a (part
us definethe minimal length scaleA

0 at which the of an) external circuit. The preciseform of SD[p]
junctioncan be describedby the action (3). As it dependson the details of the setup. Usually it is
was alreadydiscussedin ref. [9] the spacegradient Ohmic at reasonablylow frequenciesin which case
term in the effective action (3) has the form we have
~ provided A0 exceedsthe London
penetrationdepthA. Anotherrestrictionfor A0 comes aT
from theadiabaticityconditionw<<24 (~is thesu- SD[~1= -~ ~ w~I~(w~fl

2. (16)
perconductinggap) for the Josephsoncouplingen- a= it/2e2R,R is the effectiveresistanceof external
ergy term —E~cosço (see e.g. ref. [3]). It yields leadsandw~= 2itnT. Then it is necessaryto check
A

0>>A5w~/2zl.Combiningtheserestrictionswith the that thefrequencyscalew> w~A~/L~involved in the
obvious inequality A0>L~(which allows us to de- space—timerenormalizationof E~is separatedfrom
scribethejunctionby meansof a 1 D model) we get a substantiallylower frequencyscaleof Bloch oscil-

A0> max(A,L~,A~w~/2A). (13) lations1J2e.For the practically importantparam-

eter region E~~ E. oscillations occur a<<

Herewe estimateA—. l0~cm, Lv— lO_6_lO_7cm, (EJ/E~)
2and ‘th <I~~ i.e. the maximum fre-

A~—~102_l0_3 cm, w~/2A—0.l—l and thus find quencyof Bloch oscillations[8]
A

0~0.lA~.Thereforefor ~ and .~ 1 the renor- Wmax 1cr/20 1 /2RC+ (..,,/ mTEJ/4e
2R)2”3

malizedvalue EJ (8) turnsout to be much smaller
thanE~.The consequenceof this effect might bee.g. is still much lowerthanw~A~/L..for anyreasonable
strongrenormalizationof theeffectivebandwidth~5: valueLX<AJ. Scaleseparationbecomesevenmore
even for E~>> E~onemight reachthe oppositelimit pronouncedfor EJ > E~.Thisallows us to conclude
EJ <<Er and thus the bandwidthfor a finite size thatour RG analysisremainsvalid alsoin the pres-
junctionô—~E~,becomesmuch largerthan that for a enceof an externalbias I~.

point junction, ôccexp ( — 8E~/w~).This in turn in- Notethat renormalizationof the bandwidth [10]
creasesthe thresholdcurrent ~ for Bloch oscilla- and the critical current [11] of a finite size Joseph-
tions [1—3]. Also Zener tunneling [3,8] becomes sonjunction hasbeenalreadyinvestigatedbeforein
much more intensiveof one increasesthejunction the limit E~>> E~within the frameworkof an in-
sizekeepingthe parametersE~andE~fixed. stantontechnique.In this limit the resultsobtained

Here the following commentis in order. Strictly hereessentiallycoincidewith thoseobtainedin refs.
speakingonehasto modify theaction(3) toinclude [10,111.E.g. combiningeq. (8) with theexpression
the effect of an externalcurrentI~and/oran exter- for the renormalized bandwidth ôrcc

nal circuit into consideration.It is easyto see,how- exp( — ~~/8EJ/E~) and expandingin powersof .x~we
ever,that thismodification affectsonly the low fre- immediatelyreproducethe result of ref. [10],
quencypartof ourproblemwhile the highfrequency ~ r ô [1 + (U itA~)ln (24L~/w~A~)]
renormalizationof E~discussedhere remainsun-
changed. Indeed combining the results of refs. It is worth pointing out that the techniqueof refs.
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[10,11] allows us to studyfinite sizerenormaliza- In conclusion,we showedthathigh frequencyquan-
tion effectsonlyprovidedtheyare smallenough.In turn fluctuationsin a finite size 1 D Josephsonjunc-
contrast,theRG techniquedevelopedheremakesit tion may substantiallydecreasethe Josephsoncou-
possibleto proceedin a wide parameterregion in- pling energyin comparisonto thatof a 2Djunction
cluding the limit E5 ~zE~in which renormalization with the same crosssectionarea.This effect is par-
effectsbecomestrong. ticularly pronounced for L~>A0 and E2/E~<<

As we already discussed,the problem of a 1 D L~/8E
2A~.It opensup a possibilityto vary the pa-

quantumJosephsonjunctioncanbe reducedto that rameterE~by changingthe junction geometry. For
of apointjunction (12) providedL~~AJ. Forx< 1
and L~> AJ the renormalized effective action still a longjunction at T—~0wepredicta KT phasetran-

sition between disordered (2>1) and ordereddependson bothtime andspacecoordinates.At the
space—timescalex < L~,z< L~the phase~,is or- (2< 1) phases.In a disorderedphaseE~scalesout
dered. However, for L~<z< L~the behavior of the to zero, i.e Cooper pair tunneling between super-
system is entirely different. At this scale the time co- conducting electrodesis suppressedby quantum
ordinateis the only onewhich mattersandthe sys- fluctuations.A nontrivial featureof this phaseis the
tern becomeseffectively one-dimensionalagain, coexistenceof a disorderedstateon a junctionsur-
Hence, at Tci.: 1 /L~—’0 and small w<w~A~/L~the face with the ordered one in the bulk.
phase—phase correlation function diverges as
<~>ccl/w2 (or <p~cicl/~a~ for a~0) and the
problem again can be mapped onto that of a point References
junction. This in turn means that in the low tem-
peraturelimit macroscopicquantum phenomena [1] K.K. Likharev and A.B. Zorin, J. Low Temp. Phys. 59
(Bloch oscillations,Zener tunnelingetc.) in prim- (1985)347.

ciple can occurevenin long (L~> JJ) but finite Jo- [2] D.V. Averin andK.K. Likharev,in: Mesoscopicphenomena
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