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1. Introduction

Two dimensional graphene membranes define a new class of
materials with a number of novel and promising features [1-3].
From a basic point of view, one of the striking properties of
graphene is that many types of long wavelength disorder influence
the electrons as effective gauge fields [4-15], which modify
the electronic properties, as measured, for instance, in weak
localization experiments [7,8,16,17].

Because of the existence of two inequivalent valleys in the
Brillouin Zone of graphene, one can formally define two types of
gauge fields, one of which induces mixing between the valleys,
and another which does not. These two fields do not commute. A
gauge field which effectively rotates electrons from one valley into
electrons in the other valley is needed to describe lattice discli-
nations, such as pentagonal and heptagonal rings [4,5,18,19]. In-
travalley gauge fields can be induced by elastic strains [7,12,20,21],
by curvature [9], or by lattice defects such as dislocations. For each
type of field, the Hamiltonian can be written as two independent
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Dirac equations, with gauge fields of opposite sign for each of them,
so that it is invariant with respect to time reversal.

Elastic strains of reasonable values, i ~ 0.02-0.05 with the cor-
rect symmetries can lead to significant effective magnetic fields,
B ~ 0.1-1T[7,12]. Large graphene sheets show corrugations [22],
and significant scale deformations [23-25]. Suspended sam-
ples [25,26] can also be deflected if a gate potential is applied
to them [27]. Graphene deposited on a substrate shows corruga-
tions [24,28-30]. The existence of corrugations is confirmed by nu-
merical simulations [31].

The low energy electronic states of graphene are described by
the Dirac equation [3]. The properties of the electronic spectrum
of the Dirac equation in the presence of a random gauge field has
been studied in connection with the Quantum Hall Effect [32-34].
The scattering cross section of isolated ripples vanishes at short
and long electron wavelengths, with a peak for wavelengths
comparable to the size of the ripple [35]. The density of states
is changed at low energies, and it acquires an anomalous power
law dependence on energy, where the exponent depends on the
strength of the disorder. The combined effect of random gauge
fields and the long range electron-electron interaction leads to a
complex phase diagram when the system is close to the neutrality
point [36-38].
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In the following, we discuss some basic features of ripples and
wrinkles in single layer graphene. We analyze, in the following
section, the elastic strains in a periodic array of ripples, similar to
that reported in [39], and the effect of the induced gauge fields. We
next discuss possible mechanisms which may induce wrinkles [40]
in graphene, and the way they can alter the electronic properties.

We will not consider here the effect of a scalar potential also
induced by the presence of strains [20]. When the length scale of
the corrugations is larger than the Thomas-Fermi screening length
k;! ~ k', where ke is the Fermi wavevector, these scalar fields
will be screened [27], while the gauge fields are not. This picture
is confirmed by full electronic calculations of rippled graphene
layers [14].

2. Periodic array of ripples

The simplest corrugation which leads to inhomogeneous strains
and, as a result, to non trivial gauge fields in graphene is a periodic
array of ripples, which can be induced by a suitable substrate [39].
For simplicity, we assume the existence of modulation of the out
of plane displacement of the graphene layer of the type:

h(x, y) = h [2 0s(CyF) + 2 cos(CoT) + 2 cos(E;3F)] 0
where G; = Gny, G, = G(ny/2 + +/3ny/2) and G3 = G(—n,/2 +

v/3ny/2). These vectors define a triangular lattice. In terms of the
in-plane displacements, i(x, y), the strain tensor is:

ach)?

uxx:8xux+ ( ~ )
2
2
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Uy = 5 5 .

Neglecting, for the moment, the contribution due to the bending
stiffness of the graphene layer, the free energy can be written
as [41]:

A‘ N -
F=3 / %7 (thee + tyy)” + 1t / d*F (uy, + uy, + 2u, ) (3)

where, using for the longitudinal and transverse sound velocities of
graphene [42-44] the values v; = 22.2 km/s and vy = 14.7 km/s,
wefindi = 1.6eVA “andu = 5.7 eVA ",

The full strain tensor u; can be obtained from the tensor f; =
(0;h) (th) by minimizing the free energy, Eq. (3), and obtaining the
in-plane displacement field, @i [13]. In terms of the strain tensor,
the effective gauge field acting on the electrons, for a given valley
in the Brillouin Zone, is [20,21]:

cdy 0 log(t)

A(r) = a olog(a) (uxx B uyY) )
AF) = 2c<D0 dlog(t)
=4 log(a) thy

where § = dlog(t)/d log(a) ~ 2 gives the dependence of the tight
binding hopping element between orbitals in nearest neighbor
carbon atoms, t ~ 3 eV, on the distance between them, a & 1.4 A,
¢ is a numerical constant of order unity, and @, is the quantum
unit of flux. In this analysis, we have assumed that the shape of
the corrugation, h(x, y), is determined by external forces. We now

Fig. 1. (Color online). Top: Compression, uy + u,y, induced by a periodic array of
ripples, see text for details. Bottom: Effective magnetic field for the same array.
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Fig. 2. (Color online). Density of states for a periodic array of ripples, including the
induced gauge field. Blue: hy = 0. Green: %(Gho)2 = 0.025.Red: 3E‘;J(th)z =
0.05.

consider the bending rigidity of the layer. From the continuum
theory of elasticity [41] we expect a term:

K /sz hy , (9h ?
) 9x2 9y?
2 2 2 2 2
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For graphene, k1 ~ k; ~ k ~ 1 eV. The ratio between the
bending and compression energies of the ripples is approximately
proportional to G2k /(A + 2u). For mesoscopic ripples of lengths
| =27 G~! ~ 10 — 100 nm, the bending rigidity can be neglected.

The calculation of the strain tensor and effective gauge fields for
the height profile in Eq. (1) is rather simple. Values for the strain
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Fig. 3. (Color online). Generation of wrinkles in a graphene layer on SiO,. Top: The
layer is compressed against the corrugated substrate. Bottom: When the external
pressure is removed, in-plane stresses due to the deformation of the layer induce
wrinkles, if the pinning to the substrate is sufficiently weak.

and induced magnetic field are shown in Fig. 1. The electronic
density of states, calculated including the gauge field due to the
ripples, is shown in Fig. 2. The results have been obtained by using
a discrete lattice model with 2 x 81 x 81 sites with a broadening of
the levels of 8w = 0.03t. The small amplitude undulations in the
density of states are an artifact due to the discretization. The finite
level broadening also leads to a finite density of states at the Dirac
point in the absence of a gauge field.

There is a peak at the Dirac energy for the largest corrugations,
consistent with analytical results for the density of states of Dirac
electrons in the presence of a random gauge field [34]. Similar
effects are obtained in numerical studies of the Dirac equation in
a random field whose fluctuations are smooth on the scale of the
lattice [45], although they have not been found if the gauge field
varies on length scales comparable to the lattice spacing [33]. The
highest effective magnetic fields induced by ripples with hy ~
1nmand! = 27G~! ~ 60 nm can be large, Bpax ~ 2-5 T [7],
so that the number of flux quanta per ripple exceeds one.

3. Wrinkling of graphene layers: Graphene on a substrate

As in any membrane, topological lattice defects can sponta-
neously lead to corrugations [46] in graphene (see also Sec. VIB
in [13]). Similar effects can be expected from impurities which
induce lattice deformations [47]. Rigid layers on soft substrates
show wrinkles if they are under anisotropic stresses which ex-
ceed a given threshold [40,48,49]. A related situation which may
be relevant for graphene layers on SiO, substrates is sketched in
Fig. 3. The exfoliation procedure applies pressure on the graphene
layer against the corrugated substrate, inducing deformations and
in-plane stresses. When the pressure is removed, the system can
reduce the elastic energy by forming wrinkles, provided that the
stresses are sufficiently large and the pinning energy to the sub-
strate is sufficiently low.

We show in Fig. 4 the stresses oy, and oy, induced by the
periodic array of ripples discussed in the previous section. There
are regions, whose length is fraction of G~!, where the stresses
are highly anisotropic. The gain in elastic free energy per unit area
due to the formation of wrinkles in these regions is ¥ ~ (A +

2)(Ghg)? ~ 0.05-0.1eV A2, forhg ~ 1nmand | = 27G~! ~
60 nm. This value is larger than typical interactions energies
between a graphene layer and a SiO, substrate, or other materials,
like water or ions, which may be trapped between graphene and
the substrate [50]. Hence, we expect that, if graphene is pressed
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Fig. 4. (Color online). Stresses along the line (x, 0) for the periodic array of ripples
analyzed in Fig. 1. Red: oy (x, 0). Green: oy (x, 0).

onto a corrugated SiO, substrate, the removal of that pressure
will lead to the spontaneous formation of wrinkles. Note that the
lowering of strains will actually reduce the effective gauge field
acting on the electrons. On the other hand, the regions detached
from the substrate can support low energy flexural modes, which
can scatter electrons at finite temperatures [51,52].

4. Wrinkling of graphene layers: Suspended graphene samples

We now analyze the structural instabilities towards curved
shapes, wrinkles, which can arise in suspended membranes under
tension [53], see also Sec. VII in [13]. A stretched membrane with
clamped ends will develop wrinkles if the applied tension is large
enough [40]. This threshold arises from a balance between the
bending energy and the applied tension [40]. Wrinkles will occur
when the tension, T ~ (A 4+ 2u1)u, exceeds i /I?, where [ is the
length of the stretched region. Hence, in graphene, stresses such
that u,, ~ 1072, will lead to wrinkles when ! > 1 nm. The resulting
deformation is periodic, with a wavelength, [,,, and amplitude, A,
in the direction perpendicular to the applied strain given by [40]:

e\ /4
lu,:z\/EG) 112

P )\,_ 1/2
A Y2( M L.
T \A+2u

Typical wrinkles, calculated using Eq. (6) for a suspended region
oflength | = 200 nm, and an applied strain i1 = 2x 1072 are shown
in Fig. 5.

A suspended sheet with constant tension gives rise to a constant
gauge field [27]. Electron scattering takes place at the boundaries
between the region with and without tension, and the carriers
propagate freely within the suspended region. Wrinkles modulate
the strains in the direction of the applied tension and also in the
direction perpendicular to it. As a result, an effective magnetic
field is induced throughout the suspended region. This field is also
shown in Fig. 5. Its average value scales as:

B C,BAZ Dy C,Bl_ld)o
Bla la

w

: (7)

Electronic transport in suspended graphene samples is expected
to be close to the ballistic limit [54]. Hence, even the low fields
induced by wrinkles may lead to observable effects.



F. Guinea et al. / Solid State Communications 149 (2009) 1140-1143 1143

100

-100

Fig. 5. (Color online). Top: Wrinkles expected in a suspended graphene sheet of
| = 200 nm under an applied tension Al/l = 2 x 10~2. Bottom: Effective magnetic
field induced by the wrinkles shown in the top.

5. Effects of effective gauge fields on Landau levels

The gauge fields induced by stresses modify the Landau levels
induced by a magnetic field, and give them an index dependent
width, see Sec. VIII in [13]. The energy of the n-th Landau level
scales as €, o +/nB where B is the magnetic field. Stresses modify
the effective field so that, to a first approximation, the width of the
Landau level becomes proportional to /n. This effect is partially
compensated by the averaging of the effective field within the
spatial extent of the Landau level, given by a scale oc\/nlg, where
Ip = /@y /(;rB) is the magnetic length, and @ is the quantum unit
of flux. The narrowest Landau level is that with n = 0, in agreement
with experiments [55].

6. Conclusions

We have analyzed possible deformations of graphene layers,
and the effective gauge fields that they induce. The shape of the
layer can be fixed by the corrugated substrate to which it is
pinned. If the deformations induce substantial stresses, wrinkles
can be produced spontaneously. A similar elastic instability leads
to wrinkles in suspended graphene samples.

Acknowledgments

This work was supported by MEC (Spain) through grant
FIS2005-05478-C02-01 and CONSOLIDER CSD2007-00010, by the

Comunidad de Madrid, through CITECNOMIK, CM2006-S-0505-
ESP-0337, and the EU Contract 12881 (NEST).

References

[1] K.S. Novoselov, AK. Geim, S.V. Morozov, D. Jiang, Y. Zhang, S.V. Dubonos,
L.V. Grigorieva, A.A. Firsov, Science 306 (2004) 666.
[2] K.S. Novoselov, D. Jiang, F. Schedin, T.J. Booth, V.V. Khotkevich, S.V. Morozov,
AK. Geim, Proc. Natl. Acad. Sci. USA 102 (2005) 10451.
[3] A.H. Castro Neto, F. Guinea, N.M.R. Peres, K.S. Novoselov, A.K. Geim, Rev. Mod.
Phys. 81 (2009) 109.
[4] ]. Gonzélez, F. Guinea, M.A.H. Vozmediano, Phys. Rev. Lett. 69 (1992) 172.
[5] J. Gonzalez, F. Guinea, M.A.H. Vozmediano, Nuclear Phys. B 406 [FS] (1993) 771.
[6] F.Guinea, ]. Gonzilez, M.A.H. Vozmediano, Phys. Rev. B 63 (2001) 134421.
[7] S.V. Morozov, K.S. Novoselov, M.I. Katsnelson, F. Schedin, L.A. Ponomarenko,
D. Jiang, A.K. Geim, Phys. Rev. Lett. 97 (2006) 016801.
[8] A. Morpurgo, F. Guinea, Phys. Rev. Lett. 97 (2006) 196804.
[9] E.-A.Kim, A.H. Castro Neto, 2007. arXiv:cond-mat/0702562.
[10] A. Cortijo, M.A.H. Vozmediano, European J. Phys. B 148 (2007) 83.
[11] F.de Juan, A. Cortijo, M.A.H. Vozmediano, Phys. Rev. B 76 (2007) 165409.
[12] F.Guinea, M.I. Katsnelson, M.A.H. Vozmediano, Phys. Rev. B 77 (2008) 075422.
[13] F. Guinea, B. Horovitz, P.L. Doussal, Phys. Rev. B 77 (2008) 205421.
[14] T.O. Wehling, A.V. Balatsky, A.M. Tsvelik, M.I. Katsnelson, A.l. Lichtenstein,
Europhys. Lett. 84 (2008) 17003.
[15] V.M. Pereira, A.H. Castro Neto, 2008. arXiv:0810.4539.
[16] E. McCann, K. Kechedzhi, V.I. Fal'ko, H. Suzuura, T. Ando, B.L. Altshuler, Phys.
Rev. Lett. 97 (2006) 146805.
[17] E.V.Tikhonenko, D.W. Horsell, R.V. Gorbachev, A.K. Savchenko, Phys. Rev. Lett.
100 (2008) 056802.
[18] P.E. Lammert, V.H. Crespi, Phys. Rev. B 69 (2004) 035406.
[19] D.V. Kolesnikov, V.A. Osipov, Eur. Phys. ]. B 49 (2006) 465.
[20] H. Suzuura, T. Ando, Phys. Rev. B 65 (2002) 235412.
[21] J.L. Mafies, Phys. Rev. B 76 (2007) 045430.
[22] ].C.Meyer, A.K. Geim, M.I. Katsnelson, K.S. Novoselov, T.J. Booth, S. Roth, Nature
446 (2007) 60.
[23] T.J. Booth, P. Blake, R.R. Nair, D. Jiang, E.W. Hill, U. Bangert, A. Bleloch, M. Gass,
K.S. Novoselov, M.I. Katsnelson, et al. 2008. arXiv:0805.1884.
[24] D. Garcia-Sanchez, A.M. van der Zande, A.S. Paulo, B. Lassagne, P.L. McEuen,
A. Bachtold, Nano Lett. 8 (2008) 1399.
[25] J.S. Bunch, S.S. Verbridge, ].S. Alden, AM. van der Zande, J.M. Parpia,
H.G. Craighead, P.L. McEuen, 2008. arXiv:0805.3309.
[26] X. Du, L. Skachko, A. Barker, E.Y. Andrei, 2008. arXiv:0802.2933.
[27] M.M. Fogler, F. Guinea, M.I. Katsnelson, Phys. Rev. Lett. 101 (2008) 226804.
[28] M. Ishigami, J.H. Chen, W.G. Cullen, M.S. Fuhrer, E. Williams, Nano Lett. 7
(2007) 1643.
[29] E. Stolyarova, K.T. Rim, S. Ryu, J. Maultzsch, P. Kim, L.E. Brus, T.F. Heinz,
M.S. Hybertsen, G.W. Flynn, Proc. Natl. Acad. Sci. USA 104 (2008) 9209.
[30] G.Li, A. Luican, E.Y. Andrei, 2008. arXiv:0803.4016.
[31] A.Fasolino, ].H. Los, M.I. Katsnelson, Nat. Mater. 6 (2007) 858.
[32] AW.W. Ludwig, M.P.A. Fisher, R. Shankar, G. Grinstein, Phys. Rev. B 50 (1994)
7526.
[33] S.Riu, Y. Hatsugai, Phys. Rev. B 65 (2001) 033301.
[34] B. Horovitz, P.L. Doussal, Phys. Rev. B 65 (2002) 125323.
[35] F. Guinea, J. Low Temp. Phys. (2008) arXiv:0805.3908 (in press).
[36] T. Stauber, F. Guinea, M.A.H. Vozmediano, Phys. Rev. B 71 (2005) 041406.
[37] M.S. Foster, LL. Aleiner, Phys. Rev. B 77 (2008) 195413.
[38] LF. Herbut, V. Juricic, O. Vafek, Phys. Rev. Lett. 100 (2008) 046403.
[39] ALLV. de Parga, F. Calleja, B. Borca, M.C. Passeggi, ].J. Hinarejos, F. Guinea,
R. Miranda, Phys. Rev. Lett. 100 (2008) 056807.
[40] E. Cerda, L. Mahadevan, Phys. Rev. Lett. 90 (2003) 074302.
[41] L.D. Landau, E.M. Lifschitz, Theory of Elasticity, Pergamon Press, Oxford, 1959.
[42] R. Nicklow, N. Wakabayashi, H.G. Smith, Phys. Rev. B 5 (1972) 4951.
[43] N.B. Brandt, S.M. Chudinov, Y.G. Ponomarev, in: V.M. Agranovich,
A.A. Maradudin (Eds.), Modern Problems in Condensed Matter Sciences,
vol. 20.1, North Holland, Amsterdam, 1988.
[44] A.Bosak, M. Krisch, M. Mohr, J. Maultzsch, C. Thomsen, Phys. Rev. B 75 (2007)
153408.
[45] F. Guinea, unpublished results.
[46] H.S. Seung, D.R. Nelson, Phys. Rev. A 38 (1988) 1005.
[47] R.C. Thompson-Flagg, M.J.B. Moura, M. Marder, 2008. arXiv:0807.2938.
[48] ]. Genzer, ]. Groenewold, Soft Matter 2 (2006) 310.
[49] T. Witten, Rev. Mod. Phys. 79 (2007) 643.
[50] J. Sabio, C. Seodnez, S. Fratini, F. Guinea, A.H. Castro Neto, F. Sols, Phys. Rev. B
77 (2008) 195409.
[51] E. Mariani, F. von Oppen, Phys. Rev. Lett. 100 (2007) 076801.
[52] M.L Katsnelson, A.K. Geim, Phil. Trans. R. Soc. A 366 (2008) 195.
[53] E. Guitter, F. David, S. Leibler, L. Peliti, Phys. Rev. Lett. 61 (1988) 2949.
[54] K..Bolotin, K. Sikes, Z. Jiang, G. Fudenberg, ]. Hone, P. Kim, H.L. Stormer, Solid
State Commun. 156 (2008).
[55] AlJ. Giesbers, U. Zeitler, M.I. Katsnelson, L.A. Ponomarenko, T.M. Mohiuddin,
J.C. Maan, Phys. Rev. Lett. 99 (2007) 206803.



http://arxiv.org/cond-mat/0702562
http://arxiv.org/0810.4539
http://arxiv.org/0805.1884
http://arxiv.org/0805.3309
http://arxiv.org/0802.2933
http://arxiv.org/0803.4016
http://arxiv.org/0805.3908
http://arxiv.org/0807.2938

	Gauge fields, ripples and wrinkles in graphene layers
	Introduction
	Periodic array of ripples
	Wrinkling of graphene layers: Graphene on a substrate
	Wrinkling of graphene layers: Suspended graphene samples
	Effects of effective gauge fields on Landau levels
	Conclusions
	Acknowledgments
	References


